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 ABSTRACT 
 
It is commonly accepted that there is a size effect on the nominal resistances of quasi-brittle materials 
such as cementitious materials. This effect must be taken into account in the design of the ultimate 
behaviour of concrete structures in order to avoid damage and crack openings. These parameters are 
frequently used to study the behaviour of concrete and to characterize the durability of structures. 
Different theories exist in the literature to describe the size effect. Among them, we find the 
deterministic theory of Bazant where fracture energy is considered independent of the size and it is 
assumed that at peak load, the crack length is proportional to the size of the specimen. 
 
In this work, attention is paid to investigate experimentally and numerically, the relationship between 
crack openings and length, and the size of the specimens. 
In the experimental study, RILEM size effect method is adopted to test geometrically similar concrete 
beams of various sizes. Two types of concrete mixes are used with varying aggregate sizes in order to 
further investigate the effect of aggregate size on fracture behaviour. Digital Image Correlation (DIC) 
technique is adopted in this study to measure the cracking in concrete on the surface of the concrete 
specimen. It is established as a robust and highly precise tool for fracture measurements such as crack 
opening and crack length. The results have shown a significant size effect on the process of crack 
propagation. Furthermore, as the aggregate size increases the size effect becomes more critical. A case 
study of the size effect on crack openings and crack spacing in reinforced concrete beams is also 
presented. From serviceability point of view, it is observed that the Eurocode 2 underestimates the 
crack openings. 
 
In the numerical study, the concrete beams are simulated using a nonlocal damage model. The internal 
length and other model parameters are calibrated by an inverse calibration technique using an 
automatic procedure. Crack opening profiles are extracted through post-treatment procedures. The 
mechanical behaviour and the crack propagation are finally analysed, reflecting a similar size effect as 
detected by the experimental results. 
 
KEYWORDS 
 
Concrete, cracking, crack opening, crack length, size effect, digital image correlation, nonlocal, 
modelling, damage, automatic calibration, inverse calibration. 
 
 
 
 RÉSUMÉ 
 
Il est communément admis l’existence d’un effet d’échelle sur les résistances nominales des matériaux 
quasi-fragiles tels que les matériaux cimentaires. Cet effet doit être pris en compte dans le 
dimensionnement vis-à-vis du comportement ultime des structures en béton afin de limiter les 
dommages et les ouvertures de fissures. Celles-ci sont de plus en plus utilisées pour étudier le 
comportement du béton et caractériser la durabilité des structures. Différentes théories existent dans la 
littérature pour décrire l’effet d’échelle. Parmi celles-ci on trouve la théorie déterministe de Bazant où 
l’énergie de fissuration est considérée comme indépendante de la taille et il est supposé qu’à charge 
maximale, la longueur de fissure est proportionnelle à la taille de l'échantillon. 
 
Dans le cadre de ce travail, on s’est attaché à étudier expérimentalement et numériquement les 
relations entre la longueur de fissure et la taille des éprouvettes.  
Sur le plan expérimental, l’effet d’échelle est caractérisé par des essais de flexion trois points sur des 
poutres de béton entaillées de tailles géométriquement similaires. L'influence de la taille des agrégats 
sur le comportement à la rupture a aussi été étudiée. La technique de Corrélation d'Images Numériques 
(DIC) est adoptée dans cette étude pour déterminer à la fois la longueur et l’ouverture de la fissure à 
différentes étapes de chargement. Cette méthode s’est révélée comme un outil robuste et de haute 
précision pour la mesure des paramètres caractérisant les fissures. Les résultats ont montré un effet de 
taille significatif sur le processus de propagation des fissures. En outre, l’effet d’échelle diminue 
lorsque la taille des agrégats augmente. Une étude sur poutres en béton armé est aussi réalisée pour 
étudier l’effet d’échelle sur l’ouverture et l’espacement des fissures. De point de vue réglementaire, il 
a été observé que l’Eurocode 2 sous estime les ouvertures de fissures.  
 
Sur le plan numérique, le comportement à la rupture des poutres en béton est simulé en utilisant un 
modèle d'endommagement non local. La longueur interne et d’autres paramètres du modèle sont 
calibrés par une technique de calibration inverse qui utilise une procédure automatique. Les profils 
d’ouverture de fissures sont déterminés par des procédures de post-traitement. L’analyse du 
comportement mécanique et de la propagation des fissures indiquent un effet d'échelle similaire à celui 
détecté par les résultats expérimentaux. 
 
 MOTS-CLÉS 
 
Béton, fissuration, ouverture de fissure, longueur de fissure, effet d’échelle, corrélation d’images, 
nonlocal, modélisation, endommagement, calibration automatique, calibration inverse. 
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GENERAL INTRODUCTION 
 
Cracks are everywhere around us. Any quasi-brittle material like concrete is generally full of cracks. 
Throughout the decades, humans have been trying to understand the mechanism of the growth of 
cracks. In particular, after the pioneering work of Griffith on the quasi-brittle growth of cracks, much 
research has been directed towards a better and deeper understanding of this observed phenomenon.  
 
It is known that the mechanical behaviour of quasi-brittle composites such as concrete, coarse grained 
ceramics and fibre-reinforced composites, is manifested by mechanisms like strain localization and 
progressive fracture in the material. The fracture is usually in the form of multiple cracks branching 
out in the zone where strains are localized. This is an intrinsic property of quasi-brittle materials and 
the Fracture Process Zone (FPZ) is generally considered as a characteristic parameter which is used to 
analyze the failure process. Due to the sizable FPZ in comparison with structure/specimen size, the 
linear elastic fracture mechanics (LEFM) laws cannot be applied.  
 
Many theoretical techniques consider the size of FPZ as a material parameter. In these theories, the 
fracture process (or material degradation) is assumed to be accumulated in a certain length or width of 
FPZ at the crack tip. In this regard, the first attempt was made by Irwin [59], who identified the 
singularity of the (LEFM) stress-field at the crack tip and proposed the presence of a crack tip plastic 
zone. Hillerborg [51] improved the Irwin model by replacing the crack tip plastic stress with 
monotonic decreasing cohesive stress. He assumed that the energy dissipation during fracture process 
can be completely characterized by a cohesive stress-crack opening relationship. He regarded the 
fracture energy as a size/shape independent material property represented by the area under the entire 
softening stress-crack opening curve. Unlike Hillerborg, a distributed microcracking effect was 
considered by Bazant and Oh [11]. They modelled the fracture process zone with a band of uniformly 
distributed microcracks (or damage zone) which had a fixed width. In order to determine size/shape 
independent fracture energy, the damage band width was regarded as a material property (related to 
the size of aggregates in concrete). Recently, however, Duan and co-workers [38] have proposed a 
fracture model in which the fracture energy is subjected to boundary effects related to the crack length. 
Their model is based on the experimental observations that FPZ size is not constant as the crack 
reaches the boundary of the specimen/structure. Other researchers also consider that evolving 
dimensions of FPZ should be taken into account [94, 45]. 
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Size effect in concrete structures 
 
The study of the fracture behaviour of concrete cannot be separated from the size effect. In these 
materials, a large sized FPZ is present which consumes a considerable amount of energy supplied by 
the applied load. As a consequence, a decrease of nominal strength σN can be observed with the 
increase in size. Considering any type of geometrically similar specimens or structures of various 
sizes, with geometrically similar cracks, the variation of structural strength can be described by 
plotting the logarithm of the nominal stress σN versus the logarithm of their size (Figure 0.1).  
 
Figure 0.1 Transitional scaling of nominal strength of quasi-brittle structures [10]. 
 
On one hand, the strength criterion predicts σN at failure to be independent of size, while all tests 
indicate a decrease of σN when the size increases.  On the other hand and according to the LEFM, σN is 
proportional to (size)-1/2. This slope, however, appears to be too steep in comparison with the 
experimental data. The reality seems to be a gradual transition from the horizontal straight line for the 
strength criterion, to the inclined straight line of slope – ½ for LEFM. 
 
Scope of the thesis  
 
In order to test the robustness of the different numerical models used to predict the mechanical 
behaviour, fracture behaviour and the size effect, one needs to use experimental data on nominal 
strength but also on crack openings and crack lengths. Nevertheless, crack openings and crack lengths 
are very difficult to measure. Different techniques have been introduced in the past e.g. LVDTs, dye 
penetration method, acoustic emissions and interferometry [91] but they do not usually provide 
accurate measurements. Other techniques are able to produce precise crack openings and lengths but 
are not accessible to everyone and present many limitations to their application (e.g. microtomography 
and X-Rays).  
 
Log (Nominal strength)
 
Real                  
Structures 
Laboratory 
beams 
LEFM 
Strength criteria 
Log (Size) 
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In this thesis, a large scale experimental campaign on geometrically similar concrete specimens has 
been conducted. In order to measure crack openings and crack lengths on the surface of the specimens 
the Digital Image Correlation technique (DIC) has been adopted. It is a robust technique and provides 
fracture measurement of high precision. 
 
The numerical models usually used to describe crack or damage growth in concrete can be divided 
into two categories: models based on a continuum damage approach and on a discrete crack approach. 
Models based on continuum mechanics are incapable of determining crack openings directly. 
Therefore, post treatment procedures have been developed to extract the crack profiles from a 
continuum strain field [80, 81]. Discrete crack models are based on an explicit description of the 
discontinuity within the material e.g. cohesive crack model of Hillerborg [51]. Generally, the entire 
energy that is dissipated in the FPZ is “converted” into a crack length. Some part of this energy may 
be dissipated in the process zone outside the crack, and it follows that the crack length and the crack 
opening are probably overestimated. Furthermore, global experimental results (e.g. load versus 
displacement) are often used in literature to calibrate the above models and therefore they predict the 
maximum load well but not predict crack profiles, openings and length at different loading stages 
accurately.  
 
In this work we choose to work with a classical non local damage mechanics model calibrated with 
global parameters (crack mouth opening displacements, CMOD) coming from the experimental 
campaign coupled with an optimisation algorithm, in order to improve the representation of size effect. 
Validation is provided using global but also local results.  
 
Outline of the thesis  
 
The above problem is analysed in the present document in four chapters. 
 
• The first chapter presents a literature review of different physical mechanisms involved in the 
cracking process of concrete. The objective is to present state of the art developments and the 
tools to comprehend the problem. Finally, the basis of the principal physical theories, 
interpretations and experimental observations by different researchers, are discussed  
• The second chapter is dedicated to the procedures, techniques and protocols adopted in the 
experimental campaign. Digital Image Correlation technique (DIC) and its application as a 
fracture measuring tool are discussed. RILEM (Reunion Internationale des Laboratoires et 
Experts des Materiaux, Systemes de Construction et Ouvrages) recommended test methods to 
measure fracture parameters of concrete are presented briefly, including RILEM 
General Introduction  
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recommendation of the size effect method. The merits and demerits of these methods are 
discussed. Details of the experimental campaign are then presented, including material 
aspects, specimen preparation, experimental setup and the loading system.  
• In the third chapter, experimental results of three point bending tests on concrete beams are 
analysed in order to characterize the fracture process. Crack opening is used as a key 
parameter. Experimental data of loading and crack notch opening displacement are analyzed 
first. Then, an experimental method to measure the crack opening displacement and profile 
using DIC is presented. The fracture process is monitored and the effect of aggregate size on 
cracking is also studied. The size effect is also identified on the mechanical response and 
crack opening respectively. Lastly a case study is presented in which crack openings and crack 
spacing in reinforced concrete beams are monitored. The results are compared with the values 
obtained by Eurocode expressions. 
• In the fourth chapter, the most frequently used numerical approaches to simulate crack 
propagation are presented. Damage mechanics concepts for concrete structures are described 
in detail. Numerical simulations are then carried out using a nonlocal damage model. 
Validation is provided by comparing with the experimental results. 
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1 CHAPTER : Literature 
Review on Cracking in 
Concrete  
 
 
Failure in concrete is usually accompanied by cracking. Concrete being a tension-weak material, the 
process of cracking is more critical under tensile loadings. It is often found in literature that concrete 
even cracks under its own weight.  
 
Crack creation and its propagation are the results of physical processes that are generally explained 
using the laws of conservation of energy. In most of these theories, concrete is assumed as a 
homogenous material. However, the effect of the fabrication process and the constituents shape and 
size influence the cracking process. Crack usually initiates from the weakest link in the material. It 
develops under the action of stresses developed around it. The process involves phenomena from the 
very small scale (e.g. uneven distribution of calcium silica hydrates which is the main hydration 
component) to the very large scale (e.g. effect of structural dimensions, known as size effect).  
 
This chapter presents a bibliographic review of different physical processes affecting the cracking 
mechanism in concrete.  
 
• In the first section, the different possible scales of observation are discussed.  
• The second section describes the microstructural properties of concrete that may influence the 
fracture process. 
• In the third section, a state of the art review on the fracture behaviour of concrete under the 
action of tensile loadings is presented. Discussion is made on the basis of physical 
interpretations and experimental observations provided by different researchers.  
• The effect of structural size on the fracture behaviour of concrete is presented in the last 
section. Bazant’s size effect theory is discussed in detail. 
 
 
Chapter 1 
 
 
 
Literature Review on 
Cracking in Concrete 
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1.1 Morphology of concrete and different levels of observation 
 
Concrete is generally considered as a continuum material in most numerical models. Nevertheless, its 
material structure varies depending on the scale of observation. In Figure 1.1 [55], it can be seen that 
concrete is a multi-scale material. Cement, sand, aggregates, water and sometimes other additives are 
mixed together and hardened to form a solid structure.  
 
• The smallest or elementary particle of concrete is the atomic form of the cement and aggregates, 
which can be observed at nanometre scale (10-9 m).  
• Then, the individual cement hydrated products are identified at micrometer scale (10-6 m). This 
includes primarily calcium-silicate-hydrate (C-S-H), calcium-hydroxide (C-H) and calcium sulfo-
aluminates (ettringite, C3A.3CaSO4.32H2O). The complex pore structure becomes visible as well.  
• In the next scale (10-3 m), also known as meso-scale, concrete is generally considered as a two 
phase material consisting of matrix and aggregates. Internal voids ranging up to several 
millimetres in size may be regarded as another important component of the hardened concrete. 
This void structure or defects depend on the packing of aggregate particles in the cement matrix. 
They mainly includes pores in the cement paste, cracks at the aggregate interface and shrinkage 
cracks. These defects play an important role in the mechanical behaviour of concrete.  
• In the next scale (10-3 to 10+0 m), the laboratory scale (mechanical) experiments are carried out. No 
internal structure is emphasized and the overall mechanical response is generally of importance. 
This scale is often called as macro-scale. In this scale and even in the larger scale (10+3 m and 
more), the material is assumed to have isotropic properties. At larger scales i.e. the scale of 
buildings and other civil engineering structures, the material is modelled as a continuum, or 
alternatively, some internal structure details can be identified, specifically when structure is 
formed by steel reinforcement. 
 
 
 
 
 
 
Figure 1.1 Various scales of observation of concrete material from atomic structure to large scale 
building (from [124]). 
 
10-8       10-7     10-6       10-5      10-4      10-3       10-2      10-1       100      10+1      10+2     10+3   [m] 
Crystal       calcium silicate            concrete                  laboratory               structures 
structure          hydrates                       particle stack          scale  
          micro        meso  macro  
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In material science of concrete structures, research is concentrated mainly into three levels of 
observation, namely the micro-level, the meso-level and the macro-level [133] identified in the 
previous paragraphs. Different mechanisms are occurring in the different scales. It is now understood 
that the mechanical behaviour depends on the fracture process. As concrete is a multi-scale and multi-
phase material, the fracture process occurs within the micro and the meso-scale. In the next section, a 
brief description of the microstructure properties of concrete that may influence the fracture process is 
presented below. 
 
1.2 Microstructure of concrete 
 
Based on different constituents, cementitious materials can be classified as paste, mortar or concrete. 
Paste is a mixture of cement and water. Mortar is a mixture of sand, cement and water. Concrete is 
composed of cement, sand, coarse aggregate and water. Other admixtures may be used to improve the 
properties of these constituents. In all these mixtures, cement acts as the binder material. It hydrates 
when mixed with water and forms a matrix. In the fluid form, this matrix fills the space between the 
aggregates and sand. After a certain period of curing, the cement matrix hardens and bonds together all 
constituents into the form of hardened concrete.  
 
1.2.1 Microstructure of cement paste 
 
Hydration products of cement primarily include C-S-H, C-H and ettringite.  The C-S-H is a purely 
crystalline material, a principal hydration component that makes up about one-half to two-thirds of the 
volume of the hydrated paste. The C-S-H forms extremely small particles of size less than 1µm in any 
dimension (Figure 1.2). The C-H is a crystalline material and occupies about 20 to 25% of the paste 
volume. The C-H crystals have distinctive hexagonal prism morphology with typical crystal 
dimension ranging from 0.01 to 0.1mm. Ettringite usually crystallizes as long, slender prismatic 
needles, typically of 10 x 0.5µm, in the cement paste and makes up approximately 10 to15% by 
volume of the cement paste.  
 
Porosity is another major component of the microstructure of the hardened cement paste. It is usually 
classified as gel porosity and capillary porosity. Gel porosity, ranging approximately from 0.5 to 10nm 
in size, can be regarded as part of the C-S-H, whereas the capillary porosity varying from 0.01 to 
10µm in size can be seen as remnants of water filled spaces that exist between the partially hydrated 
cement grains. The volume of porosity decreases during hydration. 
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Figure 1.2 Electron microscopic images of (a) foil-like Calcium Silicate Hydrates, C-S-H and fine 
bundles of C-S-H fibres (b) c) Ettringite needles and plate-like C-H morphology (from [124]). 
 
In the different models proposed in the literature to describe concrete microstructure, the     C-S-H 
needles are of major importance. Many researchers believe that concrete structure is damaged during 
Scanning Electron Microscopy (SEM) preparation. Therefore, several of the structural models of the 
hardened cement paste are not directly derived from SEM observation only, but from other chemical 
and physical analysis techniques as well. Among several structural models proposed in the past, the 
best known are the models of Powers [101], Feldman [41] and Wittmann [133]. 
 
1.2.2 Aggregates, properties and particle distribution 
 
Aggregates are generally about 75% of the total volume of concrete and therefore control many of its 
properties. Natural aggregates like limestone, quartz, basalt, granite etc are mostly in use. In addition 
to the natural aggregates, alternative materials can be also used, e.g. blast furnace slag, fly-ash, river 
gravel or lightweight by-products from industrial processes. The mechanical and other properties of 
these aggregates differ from those of natural aggregates e.g. density, water absorption and particle 
strength. The densities of such materials are very low due to high porosity, which has a significant 
effect on the flow of water at the matrix aggregate interface. Therefore, one must take care that a 
relevant correction of water cement ratio is made. 
 
For a high strength concrete, aggregates like basalt or good quality limestone are recommended. In 
this case, balanced aggregate grading is very important in order to reduce the porosity of the material. 
Usually the different model codes contain detailed description of the aggregates grading that must be 
used in practice. Well graded aggregates not only decrease the porosity of concrete, but also have a 
significant effect on the amount of water in order to obtain certain workability. More water is absorbed 
over the surface of small sized aggregates. This means that more water must be added to obtain a 
given workability with fine grained aggregates than with coarse aggregates. The aggregate shape and 
(a) (b) (c) 
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texture have also an important effect on the workability. Round, smooth aggregates generally give an 
improved workability. 
 
Until now it has been assumed that in a concrete volume, the cement and aggregate particles are 
uniformly distributed. However, this may not be true, as concrete is generally cast in moulds and wall 
effects appear near the mould-concrete interface. Two types of such effects are generally observed. 
Firstly, the microstructural gradients appear at the casting surface where water is free to evaporate 
from the concrete [69]. Secondly, wall effect causes a rather different size distribution of aggregate 
particles in the part of concrete that are in contact with the mould. Many small particles fill the space 
between the larger aggregates and the mould. Usually the skin is also rich in cement content.  
 
1.2.3 Interfacial properties between aggregates and cement paste 
 
In most cases, concrete is considered as a two-phase material consisting of a cement paste matrix and 
aggregates. These two constituents are bonded together at the interface. For normal concrete, this 
interface is generally considered as the weakest link in the material; however, for concrete containing 
alternative aggregates or improved cement matrices, the interface might have different properties.  
 
The strength of the interfacial transitional zone between cement matrix and aggregates has a 
significant effect on the global strength of concrete. Since bleeding or segregation normally occurs for 
fresh concrete, some cracks form at the interface between the matrix and the aggregates when the 
concrete is hardened. On the other hand, since the matrix and aggregates have different modulus of 
elasticity, thermal coefficients and response to change of moisture content, the interfacial transition 
zone between the matrix and the aggregates often has more voids and is weaker than the bulk cement 
matrix. 
 
A structural model of the cement matrix-aggregate (rounded river gravel) interface is shown in Figure 
1.3. The model is generally accepted and is based on the research carried out in [35, 79, 90]. It is 
assumed that a layer of C-H precipitates at the physical boundary between aggregates and cement 
matrix. It follows a layer containing C-H crystals, ettringite and C-S-H. This so called intermediate 
layer or interfacial transition zone has very high porosity and its thickness varies from 20 to 60µm for 
the concrete containing river gravels. A closer observation of the fracture surfaces has shown that 
fracture occurs not directly at the physical boundary but at the intermediate layer or the porous 
interfacial transition zone [136]. Using SEM in combination with image processing techniques, it is 
revealed that the weak transitional zone is due to an increased porosity close to aggregate surface and 
a reduced number of hydrated cement particles [112]. 
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Figure 1.3 Structure of interfacial transition zone between rounded, dense, natural aggregate and 
Portland cement matrix (from [124]). 
 
1.3 Fracture behaviour of concrete in tension 
 
Failure of concrete is usually caused by the loss of material strength due to crack growth associated 
with microcracking. Concrete microstructure is very complex as the density, porosity and mechanical 
properties are not identical at each point within the sample, which induce stress concentrations when 
subjected to mechanical loadings. Microcracks start to develop from the weakest points or defects in 
the material structure. They make concrete highly weak in tension and its tensile strength 
approximately ranges from 8 to 15 % of its compressive strength. Various characteristics of cracking 
in concrete under tensile loadings are explained below.  
 
1.3.1 Strain localization and softening behaviour 
 
When concrete is subjected to tensile loading, strains are quickly localized in the weaker areas of the 
specimen. Li and co-workers [74, 75] examined a notch-less concrete plate under uni-axial tension 
(Figure 1.4). It can be seen that prior to point A, the specimen behaves elastically and the 
displacements measured from the four LVDTs are essentially the same and they increase linearly with 
the loading. For higher values of loading, the stress displacement relationship is no longer linear. After 
the peak load (point C), displacements from the three LVDTs decrease, while the displacement 
recorded by LVDT-4 continuously increases and the corresponding load decreases gradually 
(softening behaviour), (Figure 1.4(c)). Acoustic emission (AE) measurements indicate the initiation of 
internal cracks at point A which are uniformly distributed up to point B. After that point, the 
development of a narrow band of microcracks is detected near LVDT-4, indicating the onset of 
damage localization. 
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Figure 1.4 Concrete plate subjected to tension: (a) specimen geometry and arrangements of LVDTs, 
(b) relationships between displacements and time (c) stress-displacement relationship for four LVDTs 
(from [75]). 
 
Other experiments [74, 75, 122, 125, 102] have shown that at the peak of the stress-deformation 
diagram, a macrocrack zone starts to develop and slowly transverses the whole cross-section of the 
specimen. In the post-peak regime, the residual load carrying capacity decreases with the propagation 
of the macrocrack. However, some residual carrying capacity remains, caused by toughening 
mechanisms as remnants of the non-uniform crack process (see Section 1.3.2 and 1.3.3).  
 
In laboratory experiments, as the specimen has a finite size, such a load drop is observed and can be 
measured. For the case of a crack in an infinitely large plate subjected to far-field tension 
perpendicular to the crack, it is highly unlikely that softening would occur [127]. This is perhaps a 
theoretical case, but most classical fracture mechanics theories have been derived for cracks in 
infinitely plates. The use of finite dimensions leads to the introduction of a geometrical factor, which 
emphasizes the structural aspect of softening. Therefore, another school of thought is that softening is 
not a material property, but rather the outcome of a specific structure under certain boundary 
conditions loaded beyond its maximum carrying capacity [127]. 
 
 
In summary, tensile softening comprises of three distinct mechanisms: (1) the growth of microcracks 
that rapidly coalesce to a macrocrack (2) the progress of the macrocrack that gradually decreases the 
load carrying capacity of the specimen (3) toughening mechanisms that emanate due to the 
heterogeneous material structure and the randomly distributed material weaknesses. 
 
The onset of localization is an important point in the fracture process. In different articles, localization 
is reported to occur at peak strength or just before the peak load [25, 102]. Both Cedolin and co-
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workers [25] and Raiss and co-workers [102] adopted Moiré interferometry methods that allow for 
measuring the full-field strain distribution at the specimen surface. The experiments using AE 
techniques [70, 75, 94] have shown that AE events corresponding to damage localization begin to 
form well before the peak load (about 70 to 80 % of the peak load). Even at 30% of the peak load in 
the pre-peak regime, AE events are detected ahead of the notch.  
 
1.3.2 Toughening mechanisms 
 
Beyond the elastic range, strains localize into a zone known as the fracture process zone (FPZ) and are 
responsible for the softening behaviour (Figure 1.4). Different local toughening mechanisms occur in 
the fracture process zone: 
 
• During fracture, the high-stress state near the crack tip causes microcracking at the weakest links. 
Such links result from water filled pores, air voids created during casting and shrinkage cracks due 
to the curing process. This phenomenon is known as microcrack shielding (Figure 1.5(a)) and 
consumes a part of the external energy received by the applied load.  
• Crack deflection occurs when the path of least resistance is around a relatively strong aggregate 
particle or along a weak interface between cement matrix and aggregate (Figure 1.5(b)).  
• Another important toughening process is crack interface bridging as shown in Figure 1.5(c). It 
occurs when the crack advances beyond an aggregate that continues to transmit stresses across the 
crack until it ruptures or is pulled out.  
• Furthermore, during grain pullout or opening of a tortuous crack, there may be some contact or 
interlock between the cracked surfaces (Figure 1.5(d)). This causes energy dissipation through 
friction and crack interface bridging across the crack.  
• It has been reported that crack tip is sometimes arrested by internal voids, which produces a blunt 
tip. This is called crack tip blunting by voids and is shown in Figure 1.5(e). Additional energy is 
required to propagate the crack with a new blunt tip.  
• The final mechanism is crack branching (Figure 1.6(f)). The crack may propagate into several 
branches due to heterogeneity of concrete. More energy should be consumed to form new crack 
branches. 
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Figure 1.5 Toughening mechanisms in fracture process zone (a) crack shielding (b) crack deflection 
(c) crack or aggregate bridging (d) crack interlock sue to surface roughness (e) crack tip blunted by 
void (f) crack branching (from [114]). 
 
The crack interface bridging is presented in detail hereafter. 
 
1.3.3 Crack interface bridging 
 
Van Mier [124] found that cracks in concrete are not continuous, but rather branch and overlap. This 
type of overlap is called crack interface bridging. Essentially the two crack surfaces are connected by 
a ligament between the overlapping crack tips, thus allowing for stress transfer between the crack 
surfaces. The overlap would fail if one of the crack tips propagates and coalesces in the wake of the 
second crack (Figure 1.6). Using microscopy studies it is found that the ligament between two 
overlapping crack tips fails gradually. This process is generally responsible for the tail of the softening 
diagram in the deformation controlled tension experiment. The mechanism is studied in detail for 
hardened cement paste in [126]. 
 
  
 
Figure 1.6 Stages of final rupture of the crack overlap (from [123]). 
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1.3.4 Characterization of the cracking process  
 
Crack growth associated with microcracking is an important phenomenon for fracture or damage 
analysis and for the development of appropriate constitutive models for concrete. It varies with the 
size, distribution and type of the constituent materials and involves cracking at different scales 
(Section 1.1) [124]. It consists of main cracks with branches, secondary cracks and a micro fracture 
process zone ahead of the main cracks.  
 
Mindess [91] used more than a dozen techniques to study the true mechanism taking place during 
tensile cracking. The estimation of crack size and the size of FPZ is varied according to the sensitivity 
of the measurement technique. He proposed that in fracture mechanics of concrete any crack with a 
width over 6µm should be termed macrocrack. Mihashi [86] considered that around the branches of 
the main crack there are closed microcracks (Figure 1.7) while opening microcracks exist in front of 
them. Another concept published by Hu and Wittmann [57] is shown in Figure 1.8. They separated an 
inner macrocracking zone from the isolated microcracking zone. 
 
   
 
 
Figure 1.7 Concept of fracture process zone-1 (from [86]). 
 
 
 
Figure 1.8 Concept of fracture process zone-2 (from [57]). 
 
Distinction between micro and macrocracks could also be made based on the ability of the material to 
arrest the crack [127]. Obviously this is related to the degree of the heterogeneity and the scale of 
          Initiation of fracture  Development of fracture  Just before failure 
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observation (Section 1.1). Thus it can be assumed that microcracks can be stopped in local stress 
fluctuations caused by specific material structural elements like aggregates and pores; however, 
macrocracks are more energetic and cannot be arrested in these local stress fluctuations.  
 
 In a series of vacuum impregnation experiments and optical microscopy tests, the internal crack 
growth is monitored in notched concrete specimens subjected to uni-axial tension [125, 123]. 
However, this technique is limited to the detection of continuous macrocracks in contact with the outer 
surface of the specimen. The authors have found that cracks extend from the surface of the specimens 
into the interior, but do not connect. Cracking in the form of distributed microcracks occur near the 
vicinity of the notch at lower load levels, an indication of the existence of a microcracking zone before 
the macrocrack starts to propagate. The macrocrack extends way through the specimen but an intact 
core seems to remain. This internal core may contain distributed microcracks that cannot be detected 
with impregnation technique. At a load drop 60 to 70% of the peak load, around 80% of the cross-
sectional area is cracked.  
 
The observations from these experiments reveal the false assumption made in the continuum damage 
models which predict that at final stage, the full cross section of the specimen is cracked and load 
cannot be transferred. The fact is that at 100% cracked area, the specimen can still carry a certain load 
(e.g. 0.2 σpeak for a concrete of maximum aggregate size of 16mm [123]). This clearly shows that other 
mechanisms are active allowing the stress transfer between the crack faces. 
 
1.3.5 Size of fracture process zone 
 
Both experimental and theoretical studies have shown that fracture process zone has to have a certain 
width and length to allow for the various toughening mechanisms [55, 124]. Its size relative to the 
structure size is of fundamental importance and is used as the basic assumption in the development of 
most numerical models. The width of the FPZ and its length ahead of the propagating macrocrack are 
generally assumed constant and are considered as material properties.  
 
Otsuka [94] performed an experimental campaign using concrete specimens of different dimensions 
and aggregate sizes. Using X-ray and acoustic emission techniques he found that the width of FPZ 
increases with an increasing maximum aggregate size (da), however its length decreases (Figure 
1.9(a)). However, in his paper the FPZ is considered as the whole zone ahead of the notch in which 
cumulative AE events are detected. This could be questionable, as FPZ should be measured ahead of 
the actual crack tip. The detection of the crack tip position is not doubt difficult but it can be measured 
using optical techniques [91].  
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   (a)      (b) 
Figure 1.9 Comparison of fracture process zone obtained with AE technique (from [94]) (a) Influence 
of aggregate size (mm), (b) Influence of specimen size. 
 
It is also detected that the width of FPZ varies with the crack length relative to the specimen 
dimension. This effect is called as the boundary effect on the FPZ. Studies have shown that FPZ width 
decreases dramatically when FPZ approaches the back face of a notched concrete specimen. Hu and 
Wittmann performed a saw-cutting experiment on mortar and showed that the development of FPZ in 
a wedge splitting specimen is severely limited when specimen size or ligament length is reduced [57, 
55]. When the ligament length (= specimen length - crack length) is small, the specimen dimension 
along the direction of the crack propagation can be divided into inner and outer regions. In the inner 
region, the growth of fracture process zone is not affected by the boundaries of the specimen and its 
size can be assumed as constant. When the crack reaches the outer region, the fracture process zone 
decreases due to the boundary influence [38]. 
 
1.4 Effect of aggregate size on fracture behaviour 
 
The use of larger size of aggregates has long been considered a fundamental basis for an economic 
concrete mixture design. The reason behind this long accepted concept is straightforward. Concrete 
made with larger sizes of aggregates requires less mixing water [129]. The well established and almost 
universally accepted “water-cement ratio law” says that there should be an increase in strength 
consistent with the reduced amount of water.  
 
Nevertheless, tests have shown that the size of coarse aggregates exerts an influence on concrete 
strength independently of the water cement ratio. For a given water cement ratio, strength increases as 
the maximum size of coarse aggregates is reduced. It seems probable that a point likely to be reached 
beyond which there is no strength advantage in using smaller sizes of aggregates and if size is further 
decreased, strength starts to decrease [129]. 
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1.4.1 Effect on microcracking characteristics 
 
Characteristics of microcracks are dependent on the degree of heterogeneity in the material. Fine-
grained materials show different micro fracture characteristics than coarse grained materials. Landis 
and Shah [70] characterized microcracks according to their fracture mode. The fine grained materials 
show primarily a mixed-mode micro-fracture, whereas the coarse grained materials show a mode-II 
(shear) micro fracture.  
 
A relationship between the microcracking characteristics and the overall fracture toughness of the 
material is established through quantitative AE analysis [70]. The AE source locations in the coarse 
mortar specimen shows significantly more scatter than the fine mortar, indicating a larger damage 
zone. The coarse mortar has a higher overall toughness, attesting to the fact that diffused damage leads 
to greater energy absorption capacity.  
 
The enhancement of fracture properties of concrete due to large aggregate particles can be explained 
by microcrack shielding and crack bridging (see Section 1.3.2), which cause the reduction of stress in 
the FPZ. Also, the interlocking of the particles between the crack surfaces consumes energy and thus 
enhances the fracture resistance [135]. For smaller da especially in the mortar, the fracture surface is 
smooth. For higher da, surface becomes rough and complex, and also some coarse aggregates are 
found snapped [2, 135]. As crack meets an aggregate particle, it is forced either to propagate through 
the tougher aggregate or to deflect and travel around the aggregate-mortar interface. Since the 
interface toughness is usually lower than the matrix, the advancing crack tip is prone to deflect the 
aggregate, resulting in a tortuous cracking path and needs more energy. Thus, larger the size of 
aggregates is, the more tortuous cracking path would be and higher energy will be required to 
overcome the interfacial bond.  
 
The potential of the fractal geometry as means of describing the scaling of surface roughness has been 
explored by many researchers [8, 78]. Mandelbrot and co-workers [78] were the first to suggest a link 
between fractal dimension of fracture surface and fracture toughness. Since the roughness of the 
cracked surface may play the important role of the intrinsic parameter at the microstructure level, the 
roughness of the fractured surface and the fractal theory have been used to quantitatively characterize 
the coarseness of internal structure of concrete. It has been proven experimentally [119, 94, 27] that 
the size of the FPZ in concrete increases with increasing average aggregate size. From this point of 
view, the coarseness of grain structure of concrete should be considered as one of the dominant 
parameters affecting the size of the FPZ. 
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1.4.2 Effect on brittleness and fracture energy 
 
When FPZ is small, the failure pattern is more brittle and towards the region of LEFM, which is 
manifested as the shift to the right side on the size effect plot (see Figure 1.11). Such shift was 
obtained in the study of Chang and co-workers [26] and Amparano and co-workers [2]. In their studies 
the size of the aggregates and their volume fraction are the experimental parameters respectively. In 
the study of Chang and co-workers [26] the test data for concrete with large aggregate (and thus coarse 
internal structure) falls in the transition zone between LEFM and the strength criterion; while the test 
data of cement pastes with small aggregates (and thus fine internal structure) shifts to the right. From a 
LEFM point of view, this means that a cement paste is more brittle than concrete, and can be 
characterized by LEFM. 
 
The fracture parameters also depend on the aggregate size. It was shown that both fracture toughness 
and fracture energy
 
increase with an increase of the maximum aggregate size, with a fixed value of 
aggregate content [27]. Kleinschrodt and Winkler [67] reported that the influence of da is probably 
insensitive to fracture energy while Mihashi and co-workers [88] showed that the influence is 
significant. As the aggregate size became larger, the values of fracture energy and AE hits 
significantly increased.  
 
The volume content of aggregates (Vagg) is also an important parameter. Higher volume fraction of 
aggregates leads to a finer grain structure, and thus to a small size FPZ [2]. The article concludes that 
the fracture properties of concrete depend strongly on the total aggregate content. The fracture energy 
exhibits variations in the range of 25%: fracture energy decreases with an increasing aggregate content 
and reaches a minimum value by     Vagg = 65%, then starts to increase (but there is no such critical 
volume fraction which gives maximum Gf). The size of the FPZ decreases with increasing content of 
aggregates, something that can be explained by the change of coarseness of grain structure defined in 
terms of mosaic patterns [2]. The nominal strength of concrete beams shifts from the left to the right in 
the size effect curve with an increasing volume fraction of aggregates. In other words, the failure 
mechanisms of the concrete used in the study shift toward the region of linear elastic fracture 
mechanics. 
 
1.5 Size effect on strength of concrete structures 
 
Size effect is the change of response of a material due to geometrical changes in the dimensions of the 
structure. In solid mechanics, the scaling problem of main interest is the effect of size of the structure 
on its strength. Emphasis is placed on quasi-brittle materials, for which the problem is most acute and 
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complex. These are materials incapable of plastic yielding, failing due to fracture characterized by a 
large FPZ that undergo distributed strain-softening in the form of micro-cracking and fractional slip. 
The mechanism of size effect is mainly deterministic, involving stress redistribution and the release of 
stored energy engendered by a large fracture or a large FPZ.  
 
Experimental results have indicated that the strength of concrete usually decreases with increasing size 
of structures. The size effect on concrete may be primarily explained by the FPZ. When a concrete 
structure is loaded, the strain energy produced by the applied load is converted to the energy 
consumed to create a new fracture surface and the energy absorbed in the FPZ (due to toughening 
mechanisms). For large-size structures that have long ligament lengths on crack sections, the latter is 
negligible compared to the former, whereas for small size structures the latter can be of the same 
magnitude as the former. Therefore, the larger the structure’s size, the lower the nominal strength. 
However, the concrete strength approaches a constant when the size of the structure becomes very 
large [10]. 
 
1.5.1 Size effect theories 
 
In concrete structures, size effect theories are mainly divided into three categories: 
 
• Statistical theory of random strength [131]. 
• Theory of crack fractality [24]. 
• Deterministic or energetic size effect [7]. 
 
Statistical theory of random strength 
 
The statistical theory of size effect began to emerge after Peirce [96] formulated the weakest-link 
model for a chain and introduced the extreme value statistics originated by Tippett [120], Fréchet [44] 
and Fisher and Tippett [43]. The capstone of the statistical theory of strength was laid by Weibull 
[131]. A three dimensional continuous generalization of the weakest link model for the failure of a 
chain of links of random strength leads to the distribution [131]: 
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which represents the probability Pf that a structure fails as soon as a macroscopic fracture initiates 
from a microcrack (or flaw) somewhere in the structure; σ = stress tensor field induced by the load 
that corresponds to the nominal strength σN, x = coordinate vector, V = volume of structure and c(σ) = 
a function giving the spatial concentration of the failure probability of the material. 
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Applications of Weibull’s theory to fatigue embrittled metals and to ceramics have been researched 
thoroughly. Applications to concrete, where the size effect has been of the greatest concern, have been 
studied by Mihashi and Izumi [87], Mihashi [85], Wittmann and Zaitsev [134], Carpinteri [23] and 
others. Based on some serious limitations e.g. absence of material characteristic length, no information 
on structural geometry, negligence of spatial correlations of material failure probabilities of 
neighbouring elements caused by non local properties of the damage evolution, the theory appears 
applicable to some extremely thick plain (unreinforced) structures [14]. 
 
Theory of crack fractality 
 
Observations have shown that the fracture surfaces in concrete exhibit partly fractal characteristics. 
Recent advances in the study of the fractal aspects of crack morphology and energy dissipation by 
fractal cracks have shown a correlation between the fractal dimension of the crack surface and the 
fracture energy of concrete materials. In [24] a size effect theory is proposed called multi fractal 
scaling law (MFSL) showing that a fractal nature can be the physical origin of the size effects 
observed on the concrete structures. For failures occurring at fracture initiation from a smooth surface, 
the scaling law reads: 
 
D
AAN 21 +=σ           (1.2) 
Where A1, A2 = constants depending upon the fractal nature of the crack.  
 
There are, however, few objects to the fractal theory [9]: 
• A mechanical analysis of fractal nature of cracks predicts a different size effect than Equation 1.2. 
• The fractality of the final fracture surface should not matter, because typically a major amount of 
energy is dissipated by microcracks and fractional slips on the sides of this surface. 
•  The fractal theory does not predict how A1and A2 should depend on the geometry of the structure.  
 
Deterministic or energetic size effect 
 
Application of LEFM to concrete was first considered by Kaplan [63] but subsequent test results 
showed significant disagreements [66, 72, 130]. Leicester [72] conducted tests of geometrically 
similar notched beams of different sizes, fitted the results by a power-type size effect, and observed 
that the optimum exponent was greater than -1/2, the value required by LEFM. He tried to explain it by 
noting that the strength of the stress singularity for sharp notches of a finite angle is less than that for 
sharp cracks. This explanation however is questionable because notches of a finite angle cannot 
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propagate, and because the singular stress field of notches of a finite angle gives a zero energy flux 
into the notch tip. Besides, Leicester's power law for size effect implied nonexistence of a 
characteristic length. Based on more extensive tests of geometrically similar notched beams of 
different sizes, Walsh [130] was the first to make the doubly logarithmic plot of nominal strength 
versus size and note that it appears to be transitional between plasticity and LEFM, although he did not 
attempt to make a mathematical analysis and obtain a formula. 
 
A different type of quasi-brittle size effect was brought to light by Hillerborg and co-workers [51] who 
extended the models of Barenblatt [4] and Dugdale [39] to formulate the cohesive (or fictitious) crack 
model for concrete characterized by a softening stress-crack opening law. Using finite element 
analysis, they showed that the failures of plain concrete beams exhibit a deterministic size effect, 
which agrees with the test data on the maximum peak load obtained from Brazilian tests. 
 
Bazant’s size effect law 
 
In 1976 it was analytically demonstrated that localization of strains engenders a size effect on post-
peak deflections and energy dissipation of structures [6]. Inspired from the work of Hillerborg [51] 
and using the energy release rate concept, Bazant [7] derived a size effect law which describes the size 
effect on nominal strength of quasi-brittle structures containing notches or traction-free (fatigued) 
large cracks that have formed in a stable manner. Measurement of the size effect on the maximum load 
of notched specimens are shown to provide simple means for determining the fracture energy and 
effective length of the FPZ and are embodied in a standard RILEM Recommendations [107]. 
 
According to Bazant’s size effect law, introduction of a crack with a FPZ of fixed width h at peak load 
causes the release of strain energy from the shaded triangles on the flanks of the crack band shown in 
Figure 1.10. The slope k of the effective boundary of the stress-relief zone is considered independent 
of the size D of the specimen. The length of the crack at maximum load, called hereafter a, is assumed 
proportional to D, while the width h of the FPZ is essentially a constant, related to the in-homogeneity 
size in the material. Subsequently, using an approximate energy release analysis, the following 
approximate size effect law is derived [7] for the quasi-brittle size effect in structures failing after 
large stable crack growth: 
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Where σN = nominal strength; D = characteristic size of the structure; B and D0 = parameters 
depending on structural geometry and ft’= the material tensile strength.  
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Figure 1.10 Zones of stress relief according Bazant’s size effect law (from [7]). 
 
It is important to note that according to Bazant’s size effect law, stress reduction in the triangular 
zones of area ka2/2 (Figure. 1.10) causes an energy release Ua = 2(ka2/2)σN2/2E (E being the Young’s 
modulus). The stress drop within the crack band of width h causes further energy release Ub = 
haσN2/2E. The total energy dissipated by fracture is W = aGf , where Gf is the fracture energy, a 
material property representing the energy dissipated per unit fracture length. Energy balance during 
static failure requires that ∂(Ua+Ub)/∂a = dW / da. Setting a = D(a/D), where a/D assumed constant for 
structures with geometrically similar sizes, the solution of the last equation for σN yields Bazant’s 
approximate size effect law (Equation 1.3). 
 
 
 
Figure 1.11 Transitional scaling of quasi brittle structures (from [14]).  
 
More rigorous derivations of this law, applicable to arbitrary structure geometries, have been given in 
terms of asymptotic analysis based on equivalent LEFM [14]. The application of Bazant’s size effect 
law to predict the size effect on peak strength of concrete beams has been verified experimentally, 
Bazant’s size effect law 
      D0    Log (size) 
Log σN 
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among which the earliest is found in the famous Walsh's tests of notched concrete beams [130]. For 
very large sizes (D >> D0), the size effect law (Equation 1.3) reduces to the power law 2/1−DN ασ , 
which represents the size effect of LEFM (for geometrically similar large cracks) and corresponds to 
the inclined asymptote of slope -1/2 in Figure 1.11. For very small sizes (D << D0), this law reduces to 
σN = constant, which corresponds to the horizontal asymptote and means that there is no size effect, as 
in plastic limit analysis. 
 
1.5.2 Brittleness number 
 
Brittleness number is defined as the non-dimensional characteristic that indicates whether the 
behaviour of a given specimen or structure is closer to a strength limit analysis or to LEFM. The 
relative structure size λ = D/da cannot serve as an objective indicator of this behaviour. Bazant and co-
workers [12] proposed that an objective indicator can be the brittleness number defined as: 
 
ad
D
0λ
β =            (1.4) 
 
The value of β = 1 indicates that the specimen
 
is at the centre of the transition between the two 
elementary failure criteria i.e. the point where the horizontal asymptote for the strength criterion 
intersects the inclined straight line asymptote of the LEFM criterion. For β ≤ 0.1, the plastic limit 
analysis can be used as an approximation and for β ≥ 10, linear elastic fracture mechanics may be used 
as an approximation. 
 
λ0 represents the value D / da for β = 1 and can be calculated by finding the structural strength σN 
simultaneously using a plastic limit analysis and LEFM analysis. By equating both equations for σN, 
Bazant obtained the following expression for the transition value D0 of the characteristic dimension D 
of the structure at the transitional point (see Figure 1.11). 
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Where 0α = relative crack length at the transition point = a0 / D0; gf ( 0α ) = non-dimensional energy 
release rate calculated according to LEFM; Gf is the fracture energy corresponding to of an infinitely 
large specimen (under the condition that failure of an infinitely large specimen must follow linear 
elastic fracture mechanics). 
 
1.5.3 Size effect on fracture energy and softening curve 
 
Many numerical models can be found in literature to calculate fracture energy as a material property. 
Three of these models have been adopted by RILEM to determine experimentally the fracture energy: 
the Fictitious crack model [51], the Two parameter model [61] and the Size effect Model [7]. The 
details of the RILEM methods are presented in Section 2.2. 
 
In the Fictitious crack model, the fracture energy for a specimen of height D and an initial notch (or 
crack) length a is calculated as the area under the tensile softening or cohesive stress-crack opening 
(σ~w) diagram. This definition of fracture energy would lead to different values if the ligament 
length/size ((D-a)/D) ratio is varied. This variation has been reported widely in the literature [38, 37, 
36]. Van Mier [127] argued that a gradual post-peak load drop (or softening curve) is generally 
observed when testing specimens of finite dimensions, but is highly unlikely to happen for cracks in 
infinite plates (where material behaviour is brittle and follows LEFM law). Therefore, the softening or 
cohesive stress-crack opening (σ~w) diagram should be considered as an outcome of loading of a 
specific structure under specific boundary conditions.  
The size effect law proposed by Bazant [7] is based on the assumption that the FPZ size and fracture 
energy are independent of the structural size and geometry. Bazant assumed that the FPZ size is not 
negligible and for laboratory-size fracture specimens, the fracture process zone is of the same order of 
magnitude as the specimen size. Furthermore, he assumed that due to the limited plasticity of concrete 
under tensile loadings, the hardening nonlinear zone surrounding the fracture process zone is rather 
small and the boundary of this nonlinear zone lies very close to the boundary of the fracture process 
zone. Therefore, and in order to isolate the boundary effects, an extrapolation to an infinite specimen 
size is made and thus the fracture process zone becomes infinitely small compared to the specimen. 
Under this condition the failure of an infinitely large specimen can be modelled with a linear elastic 
fracture mechanics law. Based on this hypothesis and using a dimensional analysis of energy release 
rate for linear elastic materials, Bazant calculated the fracture energy of concrete as: 
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where A = slope of the linear regression plot between nominal strength, σN and square of specimen 
dimension, D for failure of geometrically similar specimens according to Bazant’s size effect law 
(Equation 1.3). 
 
It is very important to mention here that Bazant’s size effect law is based on two main assumptions (1) 
the size (width) of the FPZ ahead of the crack at peak load is constant and (2) the crack length at peak 
load is proportional to the specimen size i.e. 0α is a constant. The critical stage or unstable crack 
propagation is assumed to occur at peak load. An extrapolation to an infinite size of specimen is made 
to apply LEFM and then the critical strain energy release rate is calculated according to equivalent 
LEFM analysis for an infinite size of the specimen with proportional crack size.  
 
1.5.4 Boundary effect on fracture properties 
 
Hu and Wittmann [54, 56] examined the fracture of a large plate with an edge crack and pointed out 
that failure transition from strength dominated failure to the LEFM controlled fracture was due to the 
interactions between crack, fracture process zone and boundary, which lead to the common size effect. 
They performed a saw cutting experiment on mortar and showed that the development of FPZ in a 
wedge splitting specimen was severely limited when specimen size or ligament length was reduced 
[57]. They also showed that the FPZ width decreases dramatically when the FPZ reaches the back face 
of the notched concrete specimen.  
 
In the following explanation of the non constant fracture energy, GF is used exclusively for the size 
independent fracture energy and Gf is for the size dependent fracture energy. Considered the important 
role of fracture process zone size (or width) in fracture energy dissipation, Duan and co-workers [38, 
37, 36] proposed a local fracture energy (Gf*) model, in which Gf*(x) is assumed related only to the 
cohesive σ(w) relationship [51] at one particular location (x) along the crack path. A bilinear function 
is used to induce the boundary effect on Gf* (see Figure 1.12). The bilinear function consists of a 
horizontal length with a constant value of value of Gf* (or GF) (within the region where FPZ 
length/width is maximum and essentially a constant) and a descending line that reduces to zero at the 
back surface of the specimen (the region where FPZ length/width is restricted due to boundary 
influence). For a specimen with ligament length (D-a) longer than the transitional ligament length 
(al*) (see Figure 1.12), the local fracture energy is given as: 
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Subsequently, the size dependent fracture energy Gf in terms of the relative crack length (a/D) is 
obtained as: 
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A representation of the changes in local fracture energy gf and the size dependent fracture energy Gf 
are illustrated in Figure 1.12. 
 
A size effect solution is proposed in [36, 56] to describe the dependence of specimen’s nominal 
strength σN on the crack length a. 
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Where a*∞ is defined by the intersection of the maximum tensile stress and the LEFM criterion and is 
referred to as the reference crack size. 
 
 
Figure 1.12 The distribution of fracture energy (Gf and gf) along the ligament of a specimen          
(from [36, 56]). 
 
Gf = Gf (a/D) 
D 
D 
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In order to summarize the boundary effect on fracture (Figure 1.12), the physical size of a specimen 
alone is not sufficient to characterize the size effect on laboratory-size specimens. Boundary effect 
(thus another level of size effect) exists on the fracture properties if the *)( laaD ≤− even 
if *laD >> .This clearly demonstrates the significance of crack length in the size effect of concrete 
fracture. 
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Conclusion 
 
When concrete is subjected to loadings, cracking usually initiates from the weakest links in the 
material microstructure. Under tensile loadings, the fracture process is characterized by strain 
localization and results in the post-peak softening of the stress-strain diagram. Many toughening 
mechanisms are responsible for the strain localization and additional energy is consumed during such 
mechanisms. 
 
Cracking can be discretized into main cracks, secondary cracks and microcracks ahead of the main and 
secondary cracks. Different theories are available in literature to differentiate the different cracking 
zones (Section 1.3.4). However, the inner cracking zone (or the fracture process zone) associated with 
the main crack is more energetic and is responsible for the decrease in the load bearing capacity of a 
concrete structure. 
 
The size of the fracture process zone is of fundamental importance and is considered as a material 
parameter in most numerical models. Recent experimental studies have shown that the size of the 
fracture process zone varies with the specimen size as well as the aggregate size (Section 1.3.5, 1.4). A 
boundary effect is also observed when the fracture process zone approaches the boundary of the 
specimen. 
 
Experimental studies have shown that a size effect is present on the strength of concrete. Different 
theories exist in the literature (Section 1.5.1), among which the deterministic energetic size effect 
theory is most appealing. In this case, the decrease of the nominal strength while increasing the size of 
the structure is attributed to the growth of the fracture process zone of significant size. In Bazant’s size 
effect law [7], a size independent fracture energy is considered and it is assumed that at peak load the 
crack length is proportional to the size of the specimen and the width of the fracture process zone is a 
material parameter (Section 1.5.1.3, 1.5.3). However, Duan and co-workers [38, 37, 36] propose a non 
constant fracture energy model (Section 1.5.4) based on the experimental observation of a boundary 
effect on the size of fracture process zone. 
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2 Chapter : Experimental approach to characterize fracture in 
concrete: Theoretical background and methodology 
 
 
 
 
 
 
 
 
 
 
 
 
 
Different experimental techniques have been developed to measure fracture in concrete structures. The 
main purpose of these techniques is to study the fracture process zone (FPZ), the deformation contours 
and the crack path. Among the different experimental methods to estimate intrinsic fracture properties, 
RILEM (International Union of Laboratories and Experts in Construction Materials, Systems and 
Structures) has developed various testing procedures and recommendations based on simple 
mechanical tests.  
 
This chapter is dedicated to present the procedures, techniques and protocols adopted in this study in 
order to characterize the fracture in concrete.  
 
• In the first section, the Digital Image Correlation technique and its application as a fracture 
measuring tool are discussed. 
• In the second section, the RILEM recommended test methods to measure fracture parameters 
of concrete are presented briefly, including the size effect method which is adopted in this 
study. The merits and demerits of these methods are discussed. 
• In the third section, details on the experimental campaign performed in GeM at Ecole Centrale 
de Nantes in order to characterize fracture are presented (e.g. material aspects, specimen 
preparation, experimental setup, loading system). 
• The last section is dedicated to the difficulties encountered in the preparation of the concrete 
specimens and the shortcomings of the mechanical testing equipment used in this study.  
 
 
Chapter 2 
 
 
Experimental Approach to Characterize Fracture in 
Concrete: Theoretical Background and Methodology 
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2.1 Digital Image Correlation as a fracture measuring tool 
 
2.1.1 Introduction 
  
In material testing, monitoring the geometrical changes of the test specimens is required to study the 
behaviour of the structural elements and also to validate constitutive models. Displacement and 
deformation measurements are typically measured by displacement transducers or strain gauges. These 
devices have been used extensively in the past, providing online results with sufficient precision and 
reliability (under certain conditions). A general disadvantage of these techniques, however, is their 
point wise nature and (often) one-dimensional measurement capability. If simultaneous two- or three-
dimensional measurements at several locations are required, the instrumental effort quickly becomes 
rather important. In other words, these techniques are generally not suited for tasks requiring a large 
number of measurement points distributed over an object surface or for complete surface 
measurements. For these cases, techniques based on digital photogrammetry are a valuable alternative 
as a powerful and flexible measurement tool. Data processing can be highly automated and fast, 
limited only by the camera image rate.  
 
A very popular photogrammetric technique known as Digital Image Correlation (DIC) has been 
validated theoretically and experimentally by many researchers [21, 29, 76]. In contrast to the more 
traditional methods it is a robust technique, which has a high degree of measurement accuracy and is 
much easier to apply experimentally. DIC requires minimal or no surface preparation and provides 
surface displacement data as a primary output. It is now well known that digital images of the 
deformed objects can be analyzed to estimate the in-plane displacements of various points on the 
surface of a specimen. Continuum mechanics theory is adopted to calculate deformations from surface 
displacements. Some specific properties of DIC that make it extremely attractive in the field of 
experimental mechanics are [109]: 
 
• Optical digital image acquisition equipment, from CCD (Charged Coupled Device) to CMOS 
(Complementary Metal Oxide Semiconductor) sensor based cameras, are available with 
increasing quality and decreasing cost. Nowadays, the resolution (number of pixels) reaches 
10 Mega pixels.  
• Image acquisition is a non-contact technique, tolerating a large distance between the samples 
and the camera even for large magnifications. This non-contact character makes it suitable for 
unfriendly environments (high temperatures and humid or corrosive atmosphere). 
• Fast digital cameras provide images with a high frequency (from about 104 to 106 frames per 
second) and thus open the way to detailed analyses of dynamic tests. 
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• DIC requires minimal or no surface preparation. The image surface under analysis has to be 
patterned. This pattern can be the natural surface of the specimen if it is textured and opaque 
enough (e.g., concrete, raw surface of ceramic). Otherwise, paints can be sprayed easily on the 
surface to provide the required texture without affecting the mechanical behaviour. 
• Basic DIC dealing with image pairs only analyzes in-plane displacements. However, using 
two (or more) cameras provides the relevant information for the extraction of full three 
dimensional displacement fields of the surface of the solid. This technique is called “stereo 
correlation” and is useful for experiments where out-of-plane displacements are required e.g. 
compression tests on cylindrical specimens. 
• A typical full field measurement of the displacements using DIC contains a considerable 
amount of data compared with classical instruments available on universal testing machines 
(e.g., extensometers, strain gauges). This can be useful to validate and identify constitutive 
laws. 
 
2.1.2 Principles of Planar Digital Image Correlation 
 
The process of correlation consists of analyzing a series of images of the specimen surface having a 
distributed grey level pattern. These patterns are monitored during the load application by a digital 
camera and stored in a computer in a digital format.  Displacements fields can be measured by 
matching the first image (or the reference image, typically corresponding to the unloaded stage) and 
each subsequent image. However, when displacement amplitudes are too large, the consecutive pairs 
of images are generally matched to measure the elementary displacement field. In the latter case, the 
displacement field from the reference image is constructed as a sum of the elementary displacements, 
taking into account the non-linearity induced by the large displacements.  
 
During the imaging process, the intensity of the random pattern is transformed into a finite number of 
samples on a rectangular grid. Each sensor, or pixel, in a typical camera averages the incident light 
intensity in the form of a grey intensity value, which is in the range of 0 to 256.  Thus, a digital image 
is represented as a simple scalar valued number (gray level) at each pixel, and is denoted f(x). The x 
argument is discretized into elementary pixels, usually in two dimensions, along a regular square grid 
(the pixel matrix). For optimal results, the image texture should be a rapid varying field with sharp 
contrast. An adequate speckle pattern must have a considerable quantity of black speckles with 
different shapes and sizes (Figure 2.1). The effectiveness of the speckle pattern can be determined by 
the quantity of pixels per black speckle. A good speckle pattern should have small black speckles (10 
pixels), medium black speckles (20 pixels) and large black speckles (30 pixels) (the above quantity of 
pixels per speckles is approximated). 
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a)       (b) 
Figure 2.1 (a) Schematic representation of the deformed and reference subimages located on an 
instantaneous image (b) A medium black speckle pattern zoomed. The speckle pattern is 
approximately 15 pixels wide and 20 pixels high. 
 
The basic principle underlying DIC is that each image is deformed only by the in-plane displacement 
field u, without any alteration of the gray levels. Thus, the reference and deformed images can be 
related by: 
 
g (x) = f (x+u (x))           (2.1) 
 
Here g is the gray level of the deformed image. This equation is often termed as the brightness 
conservation equation. It does not take into account the topography of the surface. Hence, it can be 
modified to consider out-of-plane displacements. 
 
Furthermore, the image acquisition is never perfect and always contains a small amount of noise, so 
that  
 
g (x) = f (x+u (x)) + η (x)          (2.2) 
 
Where η is the noise amplitude.  
 
During an experiment, the illumination of the image window can change (e.g. affine change in gray 
levels). To improve the results, the gray level offset b and rescaling a parameters have to be 
determined in addition to the displacement unknowns.   
 
g (x) = [(1+a (x)) f (x + u (x))] + η (x) + b (x)        (2.3) 
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The a and b coefficients of brightness conservation are often ignored in order to make the algorithm 
more robust [109].  
 
To account for subpixel movement, it is necessary to specify an interpolation scheme (Figure 2.2). The 
most elementary is the linear interpolation scheme which consists of assigning a combination of four 
functions (1, x, y and xy) at each square of pixels in order to match the subpixel gray values. This 
interpolation scheme gives satisfactory results even if it provides discontinuous derivatives across 
edges and at the nodes of the pixel matrix. Higher order interpolation schemes (cubic, quintic spline 
functions) are also in use.  They typically improve the results (eliminate errors like lens distortions, 
vibrations, periodic bias [117, 28]) usually at the expense of longer computation times. Another choice 
is given by the Fourier decomposition of the original image that naturally provides a continuous field 
with infinite differentiability, and yet a small computational cost. The main difficulty of this choice, 
however, is the aliasing effect of non-periodic boundary conditions on the edge of images or 
subimages [109].  
 
 
 
Figure 2.2 Representation of interpolation schemes used in correlation of digital images. 
 
An additional improvement consists of restricting the variability of the displacement field. This 
regularization is usually defined considering that u(x) is piecewise constant or linearly varying with x 
over zones, allowing for arbitrary discontinuities across zone boundaries. The extension of these zones 
referred to as “correlation zones” thus qualifies the quality of regularization. Other than linear 
variability, choices like imposing a global continuity for u through decomposition over classical finite 
element shape functions, or extended shape functions suitable for cracks [93, 110], one may benefit 
from a prior knowledge of the analytical displacement fields. Such regularization can be made using 
specific choices of the basis function ψn(x). 
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Because of the above image imperfections, or simply because the actual displacement field is not 
exactly part of the chosen subspace, the brightness conservation cannot be exactly fulfilled. Thus, an 
iterative approach known as correlation is used by minimizing a functional Ф in the space ωn of the 
correlation zone.  The following criteria can be used for the minimization: 
 
• Sum of Squared Differences criterion (SSD) 
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• Zero mean Sum of Squared Differences criterion (ZSSD) 
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Where g and f are the average grey levels over the domain of correlation in the deformed and 
reference images respectively. 
 
When ψ is constant over the correlation zone ωn, minimizing Ф2 is equivalent to maximizing the cross-
correlation coefficient C(ωn) between f and g over this zone.  
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The displacement which maximizes the above product corresponds to the estimation of the unknown 
displacement vector u(x). It can be computed in the reference space or in a Fourier space. A 
polynomial fit of the cross-correlation function allows locating its maximum with subpixel resolution. 
The advantage of this formulation is that a global search for the maximum is easy to perform and 
hence this technique is also suitable to large displacements. The following two criteria can be used for 
maximizing C (ωn): 
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• Normalized Cross-Correlation criterion (NCC) 
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• Zero mean Normalized Cross-Correlation criterion (ZNCC) 
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2.1.3 Overview of DIC application in fracture measurements 
 
DIC has been established as a stable and reliable tool for damage and fracture measurements [28, 
[114]. In [28] DIC is used in concrete compression tests to detect cracks and to measure strains. The 
authors estimated the accuracy of the displacement measurements using three different procedures and 
the maximum error was about 1/20 pixels.  
 
The possible error sources may be due to lens distortions, vibrations, or periodic bias in measured 
displacements. When cracks form in a concrete specimen, the pixels near the crack may rotate. Since 
displacement measurements are based on the transitional shift of images, rotation can affect the results 
to a small extent. Local discrepancies (e.g. cracks) can also significantly decrease the magnitude of the 
coefficient of correlation. Thus, the acceptable level of the correlation coefficient should be set higher 
in order to have precise estimations [28]. Lawler and co-workers [71] reported that single surface 
information by DIC may not reflect the behaviour of the remaining surfaces or the inside of the 
specimen. The crack propagation was shown as a representation of displacement contours (2µm/line). 
They demonstrated that for wider cracks, the contour maps of DIC results are unable to portray crack 
shape as effectively, though crack width information is clear and accurate. Also, the shape represented 
in the contour map is dependent on the layout of the node grid when the discontinuities become large.  
 
The periodic bias in measured displacements can be removed by using higher interpolation functions 
[117]. A more precise estimation of the actual position of a point on the deformed specimen can also 
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be determined by fitting a bilinear surface to the correlation coefficient scores for the discrete pixel 
locations surrounding the highest correlation and choosing the location of the surface’s peak [71]. 
Lawler and co-workers [71] found that DIC is very effective at determining the crack width and 
location of small cracks (under 30µm).  
 
In the experimental campaign presented in this chapter, the size of each subimage is equal to 21 x 21 
pixels. They are regularly spaced in the reference image (of size 1392 x 1040 pixels) in the form of a 
grid. The commercial package Vic2D by Correlated Solutions is used to perform digital image 
correlation analysis and the NCC correlation criterion is adopted. Gaussian weight functions that 
provide the best combination for spatial and displacement resolutions are used [121]. 
 
2.2 RILEM methods to determine material fracture parameters 
 
Conventional test methods based on LEFM are not able to determine material properties of concrete 
due to the presence of a large fracture process zone. Different nonlinear constitutive laws able to 
describe strain localization and failure of quasi-brittle materials can be found in the literature. They 
use material parameters which are independent of the structural geometry and size. In order to 
determine these material parameters, the RILEM committees on fracture mechanics of concrete 
(Committees 50–FMC and TC89–FMT) have proposed three tests detailed hereafter. 
 
2.2.1 Work of fracture method 
 
Work of fracture is the first method for determining fracture properties of concrete to be proposed as a 
standard [105]. The basis for applying this method to concrete was developed by Hillerborg and co-
workers [50] who adopted the fictitious crack concept [51]. In LEFM, the critical energy release rate 
GIC is the energy required per unit crack extension in a material with no fracture process zone, i.e. all 
the energy is surface energy, and no energy is dissipated away from the crack tip. On the contrary, in 
the work of fracture method, the process zone exists and therefore the total energy includes the energy 
dissipated per unit crack propagation distance of the fracture process zone as a whole, and it is called 
fracture energy Gf. The proposed test standard uses a beam specimen loaded in three point bending 
with a central notch. Complete details of the proposed standard are given in the RILEM 
Recommendation [105]. The fracture energy is calculated as  
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Where W0 is area under the vertical load displacement curve up to δ0; δ0 is displacement corresponding 
to complete failure (when load equals zero); mg is (m1+2m2)g where m1g is beam weight between 
supports, and m2g is extra weight carried by the beam (e.g. fixtures); and Alig is original, un-cracked 
ligament area.  
 
The reported results show variability ranged from about 2.5% to 25%. The results also show an 
undesirable dependency on the size of the beam and the notch length [14]. 
 
2.2.2 Jenq and Shah two parameters model 
 
The effect of a large sized FPZ at the crack tip of the notch or continuous crack, is a reduction of the 
stresses at the crack tip and a pushing back of the peak stress. Consequently, the specimen behaves 
roughly as an elastic specimen with a longer effective crack length. Such an approach is known as the 
effective crack approach and is adopted in the model of Jenq and Shah [61].  
 
The two fracture parameters of the model are (1) the critical stress intensity factor KIC at the tip of the 
effective crack of length ac at Pu (defined hereafter) and (2) the value of the critical (at Pu) crack tip 
opening displacement (δCTOD), which is calculated at the tip of the pre-existing crack or notch, whose 
length is denoted as a0. RILEM recommends [106] to perform a three point bending test on a concrete 
beam under stable displacement control with the crack mouth opening displacement as the 
displacement control variable. The critical point Pu is estimated at about 95% of the peak load in the 
post-peak branch. At that point, the specimen should be unloaded manually and reloaded again as soon 
as the load has reached zero. The effective crack length is calculated from the compliance decrease 
(see [106]). In the RILEM Recommendations, the various formulas are given to compute the critical 
stress intensity factor KIC and the critical tip opening displacement δCTOD. This method, although more 
complicated, provides similar results with the size effect model detailed hereafter [118]. 
 
2.2.3 Size effect method 
 
One of the RILEM Recommendations [107] on concrete fracture recommends determining the 
material fracture characteristics from the Bazant’s size effect law [107]. The idea of this method 
proposed by Bazant and Pfeiffer [12] is that one first determines the parameters of the size effect law 
by linear regression and then the parameters of material fracture. Three point bending beams are 
recommended. The span to height ratio of the specimen, S/D should be at least 2.5 and the ratio of 
notch length to the beam height, a0/D, should be between 0.15 and 0.5. The notch width should be as 
small as possible and must not exceed 0.5 da, where da is maximum aggregate size. The width b and 
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height D of the beam should not be less than 3da. At least three sizes of specimens of different heights 
(D = D1…Dn) should be tested. The smallest height D1 must not exceed 5da and the largest Dn must 
not be smaller than 10da. Because of the random scatter exhibited by concrete, the ratio Dn/D1 must be 
at least 4. To avoid differences in the hydration heat effects and to minimize other types of size effect, 
all the specimens should be geometrically similar in the other two dimensions, that is, the third 
dimension (width b) should be the same for all the specimens. The specimen should be loaded under 
constant displacement rates.  
 
2.3 Experimental research 
 
2.3.1 Materials 
 
The cement used to prepare the concrete is ASTM type I with 28 days strength of 52.5 MPa. Two 
types of coarse aggregates are selected from the same source. These aggregates are crushed limestone 
particles with maximum size of 12 and 20mm respectively. Fine aggregates used are crushed fine sand 
with maximum size not greater than 5mm. Particle size distribution curves are presented in Figure 2.3. 
The choice of coarse aggregates can be clearly understood from the graph i.e. the two coarse 
aggregates present parallel size distribution between their maximum and minimum sizes respectively. 
Two types of concrete mixes are prepared with mix design proportions as shown in Table 2.1. In mix 
M1, the maximum aggregate size is 20mm and in mix M2 the maximum aggregate size is 12mm. 
Workability tests are performed and both mixes are found nearly equally workable in terms of slump 
value (= 4.0cm). However, cement paste content is found to be a little higher in concrete mix M2 than 
in mix M1. This is because in mix M2, due to the smaller aggregate size, a lesser amount of paste is 
needed to coat the aggregate particles and the remaining paste stays in suspended form. A small 
quantity of super plasticizer is used to improve the workability of both mixes from 5.0 to 6.0cm in 
terms of slump value.  
 
Table 2.1 Concrete mix design details.   M1    M2  
       kg/m3    kg/m3  
             
Cement (Portland 52.5N)    312    312  
Sand       820    820  
Coarse aggregate (12.5 – 20mm)   784      - 
Coarse aggregate (5 – 12.5mm)    316    1100  
Water       190    190 
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Table 2.2 Mechanical properties of concrete.  M1    M2  
                 
Average strength at 28 days    MPa    MPa  
                 
Compressive strength (fc’)    45    48  
Split cylinder strength     3.5    3.8  
Young’s Modulus      38 x 103   45 x 103 
Poison’s ratio         0.25         0.25 
                        
 
Tests for axial compressive strength and split cylinder tensile strength, using cylindrical specimens 
with diameter 100mm and height 200mm, are performed on both mixes. Stiffness modulus is 
determined by a non destructive test using Grindosonic apparatus. Results are summarized in Table 
2.2.  
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Figure 2.3 Particle size distribution curves of concrete constituents. 
 
2.3.2 Specimen preparation 
  
Three sizes of specimens are prepared, which are geometrically similar in two dimensions. The cross 
section of the specimens is rectangular, and the span to depth ratio is l/d = 3:1 for all the specimens. 
The cross sectional height d is 100, 200 and 400mm respectively for the three specimens. The 
thickness or third dimension b is kept constant at 100mm for all the specimens. The formwork used for 
casting beams is made of wooden sheets of 2cm thickness (Figure 2.4). Smaller beams are cast using a 
formwork to cast a set of 4 beams. For medium size beams, a formwork to cast a set of two beams is 
used. The large beams are cast using a formwork for a single beam. The beams are notched at 
midspan. The notch length varies in proportion to the size of the beam with a constant a/d = 0.2 for all 
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the beams. The notch is created using a rigid, non-stick Teflon strip 3mm thick, which is placed into 
the mould before pouring the concrete. The concrete is poured in three layers, by increasing the layer 
thickness and the vibration time as the time increases. The concrete vibration is done using a vibration 
table. The formwork is removed with care after an initial curing period of 24 hrs at 20°C and relative 
humidity of 95%. The beams are covered with a plastic sheet during this initial curing period to avoid 
surface evaporation and autogenous shrinkage cracks. The beams are then kept completely submerged 
for 28 days in a water chamber controlled at 20°C. 
 
      
(a)               (b) 
Figure 2.4 (a) Concrete specimens upside down (b) Formwork of concrete beams 
 
In the following, the beams are classified into three classes depending upon their dimensions. The 
beams are designated as D1, D2 and D3 for small, medium and large sizes respectively (Figure 2.5). 
For M1 concrete, all the three classes of specimens are cast to study the size effect. The fracture 
parameters are obtained following RILEM Size Effect Method [107]. For M2 concrete, only D1 and 
D2 specimens are cast to study the effect of aggregate size on crack propagation of concrete.  
 
 
 
 
Figure 2.5 Three beams of geometrically similar size in two dimensions (width is constant) 
 
Some difficulties are encountered during the fabrication and testing of the beams. The current study 
seems very sensitive to aggregate particles arrangement. Therefore to obtain the same quality of 
concrete for all specimens, maximum attention is paid during the fabrication of concrete, its pouring 
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and vibration. However, the casting of large beams requires special attention. Since the beam is 
deeper, there is a chance that the formwork will swell. Therefore, inverted U shape supports are placed 
on top of the formwork in the midspan region. This provides support to the beam formwork and helps 
it to keep its shape and thus the beam thickness. For large sized beams, the formwork and Teflon strip 
are removed with special care. 
 
The surface of the specimen should be considered as well. In fracture experiments where highly 
accurate surface deformation measurements are required, the specimen size and the condition of the 
surface of the specimen must be highly specific. The latter is extremely important when we are using 
optical crack detection equipment. The most accurate surface smoothness can be obtained when steel 
moulds are used but they are difficult to handle. In this case, timber moulds were used. In the very first 
batch, the specimen surface obtained was less smooth. Then, by careful vibrating and placement of 
concrete in layers, this problem was overcome.  However, in the cast specimens, problems always 
remain, e.g. bleeding water normally causes a rather rough surface. Moreover, the skin of the 
specimen is rich in fine particles. High surface smoothness can also be obtained by sawing the 
specimen from large concrete [124]. 
 
Notched specimens are generally used in fracture experiments to confine crack growth to a known 
location, and the placement is controlled by LVDT (or CMOD gauge). Concrete is rather notch 
insensitive, in particular when large coarse aggregates are used in the mixture [124]. In fact notches 
restrict the possibilities where a crack nucleate, thus, by chance a notch may be situated in a stronger 
or weaker part of the specimen, which may cause the observed strength to be either higher or lower. 
To avoid this problem newly developed electronic devices can be used on an un-notched specimen. In 
such a scheme, many LVDTs are placed in a row along the specimen length. Dedicated electronics and 
software decide which LVDT is to be used for test control and which fracture zone will nucleate from 
the weakest spot. 
 
2.3.3 Loading frame and mechanical measurement devices 
 
The loading frame consists of Instron closed-loop universal testing machine of 160 kN capacity. The 
load was applied with the help of a circular jack to ensure a point load. A rubber pad was placed 
between the load jack and beam to take care of the surface unevenness and to avoid damage under the 
load. The beam was simply supported on two circular supports. The notch mouth opening 
displacement was measured with a crack mouth opening displacement (CMOD) gauge of capacity ± 
4mm. The two blades of the CMOD gauge, each 10mm in length, were attached to two metallic plates 
10mm apart, one on either side of the notch at the bottom face of the beam as shown in the Figure 2.6. 
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These metal plates were firmly attached to the specimen with high strength glue, which guaranteed the 
perfect stability of the plates and consequently the CMOD gauge. 
 
 
 
Figure 2.6 Experimental setup of three point bending test 
 
2.3.4 Test control 
 
All the tests were performed with a controlled notch opening displacement rate of 0.05µm/sec. 
Therefore, load was applied as a function of the notch mouth opening. This loading arrangement 
allows us to obtain firstly, a gradual increase in the crack opening and secondly, a steady decrease of 
load bearing capacity of the beam in the post-peak regime. The mechanical data thus obtained is the 
evolution of a force with a precision of 1/100 Newton and the notch mouth opening displacement with 
a precision of 1/10 of micrometer, acquired after each 1 sec interval. The load is applied in two stages: 
a preload and then the main load with controlled notch mouth opening displacement. The preload is 
the load corresponding to 1 µm of CMOD or 0.25 N (whichever is attained earlier) and is operated 
manually.  
The stability of the loading frame is also very important. The loading should be applied vertically to 
study two dimensional crack propagation. Therefore, the stability and verticality of the loading frame 
and the loading jack are assured before every test. An eccentricity in the loading can produce crack 
propagation which will have no characteristic meaning.  
 
The measuring length of the CMOD gauge is the distance between the two metallic plates. Since the 
cracking process is highly localized, the deformation measured with the CMOD gauge is equal to the 
crack width, plus the elastic strain of the part of the specimen contained in the measuring length. Since 
the specimen unloads during crack growth, at larger crack openings, i.e., in the tail of the softening 
diagram, the contribution in the measuring length becomes negligibly small. Therefore, the direct 
Force 
CMOD
gauge 
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CMOD measurement is not generally corrected for the elastic deformations in the measuring length. 
Moreover, the CMOD measures the displacement between two points which are glued to the concrete 
surface. Rotations of these measuring points might introduce an error in the displacement 
measurement as shown in Figure 2.7. In tensile tests the rotations are generally negligibly small, 
however, in bending and compressive tests the effects might become important. Rotations of 
measuring points do not blur the test results if the strain gauges are glued directly on the specimen 
surface. 
 
Figure 2.7 Local rotations as a source of error in notch opening measurement using CMOD gauge. 
 
2.3.5 Digital Image Correlation - experimental setup 
 
In our experimental program, the digital images are acquired continuously as the specimens are 
loaded. Two digital cameras with 75mm macro lens are used to capture images of both faces of the 
beam (Figure 2.8). The digital cameras have a resolution of 1040 x 1392 pixels and give 256 levels of 
gray output. For each size of the beam, two series of tests are performed. In the first series, the 
cameras are mounted in order to image an area of approx. 60 x 100mm above the notch of the beam. 
At this location, notch opening and initial crack profile are captured. For this resolution, one pixel in 
the image represents an approx. 35µm square on the specimen, which is considered sufficient to 
determine a displacement measurement with 2µm accuracy [30]. In the second series, the cameras are 
mounted at a distance required to observe the full height of the specimen (except for D3). Thus the 
resolutions obtained for each size of specimen are 1 pixel = 105µm for D1, 1 pixel = 180µm for D2 
and 1 pixel = 288µm for D3 specimens. Four lamps, two on either side are used to improve the 
luminosity of the images. The images from the camera are stored using an image grabber program 
developed using LabVIEW. The image grabber is synchronized with the testing machine and it allows 
us to take images with two cameras at the same time at a given frame rate. The images are taken at a 
rate of 6 images per minute for each camera. The images are stored in the system and are analyzed 
afterwards. The resolution of the system depends directly on the distribution of gray levels which 
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depends on the texture of the material. The texture of the surface can be improved by using a fine 
network of scratches, classical painted speckle pattern or nitropental paint. In this study, a speckle 
pattern of black and white paint is sprayed onto the surface of the specimen, which improves the 
displacement resolution to about five times [115]. 
 
 
Figure 2.8 Experimental setup of digital image correlation method 
 
In the above experimental study, local estimates of the displacements are used by considering 
independent interrogation windows. An alternative solution is to use global (or Galerkin) approaches 
to measure displacement fields. It is based on a variational formulation of the conservation of the 
brightness [128]. When particularized to finite element shape functions, it allows one to use all the 
numerical tools to analyze cracks (e.g., X-FEM [93]). This procedure was followed to develop 
eXtended Digital Image Correlation (X-DIC) [110] to analyze straight or curved cracks. 
 
Up to now, only 2D displacement fields are discussed. Stereovision [116] can also be used to evaluate 
3D displacements on external surfaces of a body using camera pairs. This technique is referred to as 
3D-DIC or Volumetric-DIC, and will be reserved in the sequel to determine 3D displacements in a 
volume.  
 
To monitor phenomena within opaque materials, X-Ray Computed Micro Tomography (XCMT) is a 
very powerful way of imaging material microstructures in a non-destructive manner [5]. In particular, 
cracks can be observed and crack opening displacement can be measured in the interior of the 
specimen [49]. When the crack morphology is determined, X-FEM techniques allow for the evaluation 
of surface vs. bulk propagation features [42]. Enriched kinematics are also implemented (i.e., it 
corresponds to eXtended Digital Image Correlation to measure 3D displacements, or X3D-DIC) [111]. 
This procedure allows one to bridge the gap between 3D pictures and numerical models. 
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Conclusion 
 
In this chapter, the outline of the experimental program is presented. In order to study the size effect, 
RILEM size effect method was adopted. Two types of concrete mixes were used. The M1 concrete 
mix (maximum aggregate size = 20mm) was used in the RIELM size effect experiments. Three point 
bending tests were also performed on the M2 (maximum aggregate size = 12mm) concrete specimens 
under similar loading and boundary conditions in order to study the effect of aggregate size on the 
fracture behaviour. The experimental procedure was simple to carry out. The loadings were applied as 
a function of constant notch mouth opening rate. This caused a progressive fracture in the beams and 
was easy to monitor.  
 
Digital image correlation (DIC) technique is used in this study to measure the cracking in concrete. 
The basic principle and the application of DIC in this experimental program are presented in this 
chapter. DIC allows us to measure surface displacements of the concrete specimen. It is found to be  a 
robust and highly precise tool for fracture measurements. The possible error sources (lens distortion, 
vibrations, periodic bias and image distortions etc.) are eliminated by adopting a higher interpolation 
function and a higher order correlation algorithm. The results will be presented in the next chapter. 
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In order to build sustainable structures and especially for sensitive installations, the study of structural 
behaviour must integrate with local phenomena, e.g. fracture and strain localization. The fracture 
usually develops in the form of main crack, with branches, secondary cracks and a microcracking zone 
ahead, as shown in Figure 3.1. The fracture process, however, depends largely on the aggregates size 
and distribution, the void structure and the aggregate matrix interface. 
 
 
Figure 3.1 A schematic diagram to illustrate cracking in concrete. *[91] 
 
Crack opening is a key parameter when estimating the durability of the structural components of most 
concrete structures. Also, in Eurocode [40], the crack opening is specified as a principal element in the 
crack control provisions. Many numerical models can also be found in literature in which crack 
opening is considered as a key fracture parameter. However, very few experimental studies exist, in 
which the fracture behaviour and the size effect are investigated based on the crack opening 
measurements. 
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In this chapter, experimental results of three point bending tests on concrete beams are analysed to 
characterize the fracture process. 
• In the first section, the mechanical response of the beams is analyzed. 
• The approach to determine the crack opening displacements and profiles from the 
displacement field obtained by DIC is presented in the second section. 
• In the third section, the fracture process is characterized based on the crack opening in the 
crack beams. 
• The fourth section deals with the effect of aggregate size on the cracking process. 
• In sections five and six, the size effect on mechanical response and crack opening are 
investigated respectively. 
• In the last section a case study is presented in which reinforced concrete beams are tested in 
three point bending. The crack openings and spacing are monitored and compared with design 
values of Eurocode. 
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3.1 Mechanical response of the concrete beams in terms of global variables 
 
The results presented in this chapter refer to three point bending tests, the experimental setup of which 
is presented in Chapter 2. The mechanical data obtained is in the form of two variables: the force 
applied by the hydraulic jack and the notch mouth opening displacement, measured using an external 
Crack Mouth Opening Displacement (CMOD) gauge. As recommended by RILEM, loading is applied 
by controlling the notch mouth opening with a constant rate of 0.05µm/sec.  
 
For each class of concrete beams (small D1, medium D2 and large D3) three or more specimens are 
tested to study the variability of the experimental results. The mechanical responses presented in this 
chapter are the average loading curves and the gray zone indicates the variability of the results. The 
average curves are obtained by averaging the applied force for different beams of the same class, 
corresponding to the same crack mouth opening displacement.  
 
Two types of concrete mixes (M1 and M2) are used in this study, in which size of aggregates is varied. 
In the following, firstly M1 (dmax = 20mm) concrete beams are analyzed in order to study the fracture 
process based on the crack opening measurements. Size effect analysis is also performed on M1 
concrete beams. Lastly, the results of the bending tests performed on the M2 (dmax = 12mm) concrete 
beams are presented in order to study the influence of aggregate size on crack opening in concrete. 
 
3.1.1 M1 concrete beams 
M1 – D1 beam 
 
In the M1 – D1 beam, the ratio of maximum aggregate size (20mm) to the height of the beam (100mm) 
is 1:5. Figure 3.2 presents the Force-Notch mouth opening displacement curve.  
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Figure 3.2 Average Force-Notch mouth opening displacement curve for the M1 – D1 beam. 
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M1 – D2 beam 
 
This is the intermediate size beam in which the ratio of maximum size of aggregates to the height of 
the beam (200mm) is 1:10. Figure 3.3 presents the Force-Notch mouth opening displacement curve for 
the M1 – D2 beam. 
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Figure 3.3 Average Force-Notch mouth opening displacement curve for the M1 – D2 beam. 
 
M1 – D3 beam 
 
This is the largest sized beam in which the ratio of the maximum aggregate size to the height of the 
beam (400 mm) is 1:20. Figure 3.4 presents the Force-Notch mouth opening displacement curve.   
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Figure 3.4 Average Force-Notch mouth opening displacement curve for the M1 – D3 beam. 
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In all the above curves, the relationship between the applied force and the notch mouth opening 
displacement can be divided into four parts. In the first part, the relationship is linear i.e. the material 
remains in the elastic range. The second part starts as soon as the curve deviates from linearity. Crack 
opening starts to increase at a faster rate, indicating the development of damage in the material. In this 
part, the load continues to increase further until the peak load value is reached and the material cannot 
go beyond this maximum loading capacity.  
 
After the peak load stage, the notch mouth opening displacement continues to increase and the load 
starts to decrease. This is the third part of the curve, where a major load drop occurs. A shift in the 
Force-Notch mouth opening displacement relationship is observed in the tail of the curve. This final 
part of the curve shows a considerable increase in the crack opening, while the load decreases 
gradually. The notch mouth opening displacement continues to increase until the specimen fails. 
 
The above stages are the typical trends observed in the three types of beams. These stages are no doubt 
related to the crack propagation in the material but this information is not available in the mechanical 
curves. 
 
3.2 Digital Image Correlation : Determination of crack characteristics & 
validation 
 
This section is a description of the procedure adopted to determine crack opening profiles from 
displacement fields which have been obtained by Digital Image Correlation (DIC). 
 
3.2.1 Displacement and strain fields 
The correlation algorithm determines the location of each sub-pixel in the imaging area. It provides the 
corresponding displacement vectors in the coordinate axis. The horizontal (axial) displacement can be 
easily calculated from the displacement vectors. Figure 3.5(a) presents the axial displacement field on 
the surface of the beam (M1-D2 specimen at peak load). A sudden jump in the displacement values 
can be observed ahead of the notch and it represents a discontinuity (crack) in the material. Crack path 
can be determined easily from this figure.    
 
The other displacement field (vertical) determined from the displacement vectors can be useful in 
obtaining the load point settlement, but this value has to be corrected with the settlement of the 
supports of the beam. In our experiments, the imaging area is limited to the midspan of the beam and 
thus, the specimen surface above the supports is not captured. This is the reason why the vertical 
displacement field is not analysed in this study. 
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The displacement field can also be used to calculate strains (outside of the crack area) using standard 
continuum mechanics. Figure 3.5(b) presents the field of the first component of the Green Lagrange 
strain tensor (εxx). It is calculated between two instantaneous loading conditions i.e. 60% pre-peak and 
at the peak load. It can be observed that strains localize into a narrow band and the material undergoes 
cracking in this area.  
 
                 
       
                (a)            (b)   (c)   (d) 
Figure 3.5 (a) Axial displacement (µm) (b) Green Lagrange axial strain (εxx)                                       
(c) Principal strain direction (radians) (d) Correlation error (pixel). 
 
The profile map of the principal strain direction is presented in Figure 3.5(c). Comparing the Figures 
3.5(a) and 3.5(c), it can be seen that in the areas near the crack, the principal strains are almost parallel 
to the horizontal axis (± 0.2 radians). This observation will be used in the following section when 
determining the crack openings.  
 
The correlation error, calculated from the degree of similarity of the gray levels and the rotation of the 
sub-image is presented in Figure 3.5(d). The correlation error is relatively important near the crack. 
This is because the sub-images close to the crack not only translate but also rotate and deform, and this 
distortion of the sub-images affects the correlation algorithm.  
 
Figures 3.6(a) and 3.6(b) show the surface profile of the axial (horizontal) displacement and axial 
strain field (εxx) on the surface A of the specimen (see Figure 3.5(a), the y-axis corresponds to the 
height of the specimen). The jump in the displacement field and the localization of strains show the 
evidence of a strong discontinuity or crack in the material. 
 
When a crack appears in the material, strains in the area near the crack cannot be calculated from the 
displacement field, as the standard continuum mechanics assumptions are no longer valid. Therefore, 
the strain fields are not further analysed in this study.  
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Figure 3.6 (a) Axial displacement field in the area A* (b) Axial strain (εxx) in the area A*. 
* For area A see Figure 3.5(a). 
 
3.2.2 Determination of crack opening displacement 
 
In concrete structures, a crack usually passes through the interface between aggregates and the cement 
matrix. Thus, the crack path is generally tortuous depending upon the size of the aggregates. In this 
experimental campaign, the cracked surface of concrete specimens is examined through the digital 
image correlation method. The analysis of the axial displacement field diagram on the surface of the 
specimen shows that a sudden jump in the axial displacement field occurs as soon as a crack appears 
in the material. This displacement jump increases with the loading as shown in Figure 3.7. 
Theoretically speaking, the crack opening is the displacement jump between the two points located 
just at the faces of the crack. This may be true when a macrocrack is formed and it is wide open. At 
the tip of the macrocrack, the cracking is diffused due to toughening mechanisms. Also, it is found 
that the correlation error is maximum near the edges of the crack. The displacement profile in Figure 
3. Experimental investigation of crack opening in concrete fracture 
- 60 - 
3.7 shows that the displacement jump occurs in a very small length (about 2mm) and then the 
displacement values remains practically constant. Therefore, a practical approach to measure crack 
openings is to use the points at a certain distance from the crack, where the correlation error is 
minimum and the diffused cracking can be contained. In this study, crack opening is measured at a 
distance of 5mm on either side of the crack. This method provides a simplified approach to measure 
crack opening with a desirable level of precision.  
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Figure 3.7 Measurement of crack opening displacement (COD) at three different loading stages. 
 
Using the above method, the notch mouth opening displacement (CMOD) is also determined and 
compared with the result coming from the CMOD gauge (Figure 3.8). The two measurements show 
good agreement with a maximum variation in the range of ± 3 µm. DIC can only produce surface 
crack measurements, therefore some discrepancies between the crack opening measurements may 
occur due to the anisotropy of the material. By taking the average of the displacement fields on both 
faces of the specimen, this difference can be minimized. Nevertheless, this average will blur the results 
of the local phenomena occurring at each face of the specimen. 
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Figure 3.8 Comparison of the notch mouth opening displacement measured by the CMOD gauge     
and DIC. 
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3.2.3 Description of the crack opening profile 
 
The shape of the crack path can be derived from the axial displacement field as shown in Figure 
3.5(a). The crack path obtained in all the experiments is very tortuous. It is also probable that the crack 
path inside the specimen is different from the crack path on the specimen surface, due to the internal 
heterogeneity of the material. This is the reason why the crack path on one face of the specimen is not 
similar to the crack path of the other side (Figure 3.9). The figure presents the crack paths at peak load 
on both sides of the M1-D2 specimen.  
 
 
Figure 3.9 Crack paths at peak load on both sides of the M1-D2. The dash line represents the crack 
path on the other side of the specimen. 
 
  
 
Figure 3.10 Determination of the crack profile from a displacement field. 
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In this study, we are not interested in the crack path, but in the actual crack openings along the crack. 
In the following, the variation of the crack opening along the length of the crack is termed crack 
opening profile. The crack opening profile can be drawn when two parameters are known: the crack 
opening displacement at different points along the crack path and the vertical coordinates of the crack 
line.  
 
The crack opening displacement at different crack lengths is calculated from the displacement vectors 
located at 5mm on each side of the crack path, as shown in Figure 3.10. Beams are subjected to three 
point bending i.e. the lower part of the beam presents tensile stresses and the maximum bending 
moment occurs at midspan. Because of the notch at midspan, the crack always initiates from here and 
propagates upwards into the specimen. As the surface of the specimen above the notch is captured by 
digital cameras, the complete crack opening profile i.e. from the notch mouth (bottom of the 
specimen) to the crack tip, can be obtained from the axial displacement field data as shown in Figure 
3.11. 
 
In Figure 3.11, crack profiles at three different loading conditions (60% pre-peak, peak load and 60% 
post-peak) of two specimens (beam-1 and beam-2) of the same class (M1-D2) are presented. For 
beam-1, a higher image resolution is chosen (1 pixel = 35µm) and therefore the image is limited to a 
small area in front of the notch. This resolution gives a precision of 1.75µm (1/20 pixel [28]) for the 
DIC measurements. For beam-2, the digital image resolution is lower (1 pixel = 105µm) with a 
precision of 5.25µm. It can be noticed that the profile of beam-2 is not uniform and follows a zigzag 
path. If the average line is drawn, the variation of the crack opening displacement will be ± 5µm for 
beam-2 and ± 2µm for beam-1.  
 
Figure 3.11 Crack opening profiles at different loading stages for two similar specimens (M1-D2) 
using different resolutions. 
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In Figure 3.11 it can be also observed that crack opening profiles from different resolutions are the 
same in the pre-peak loading region and at the peak load. A slight variation appears in the post-peak 
region. The mean variation calculated between the crack openings of the two profiles is about 3µm. 
However, this variation can be ignored, considering the size of the aggregates (Dmax = 20mm for M1 
concrete) and the measurement precision (3µm).  
 
Figure 3.12 Crack opening profile on two sides of the same specimen (M1-D2). 
* High resolution 
 
We have already seen in Figure 3.9 that the crack paths on each side of the specimen are not identical. 
Now Figure 3.12 presents a comparison of the crack opening profiles at different loading stages on 
both sides of the specimen M1-D2.  Comparing Figures 3.9 and 3.12, it can be observed that the crack 
profiles have the same slope although the crack paths are different. Also, the profiles on both sides are 
quite similar for all loading stages. However, a small mean variation of 3µm is observed. In the 
following, this variation is ignored considering the aggregate size. 
 
3.3 Digital Image Correlation : Results & characterization of the fracture 
behaviour  
 
In order to analyze the cracking process in the concrete beams, we first analyze the cracking behaviour 
of the M1-D2 and M2-D2 beams. In the following, the cracking process will be analysed in four 
loading stages, presented as a percentage of the peak load attained by the specimen.  
 
 
3.3.1 Crack opening in the elastic phase 
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In the first stage i.e. up to about 60% of the peak load in the pre-peak region, the Force-Notch mouth 
opening displacement relationship is almost linear. The crack opening profiles in this loading region 
are presented in Figure 3.13 and show a zigzag variation of crack opening (in the range of 0-5µm) 
along the height of the beam. We assume that these profiles do not indicate the presence of a 
macrocrack before 60% of the peak load. However an increase in the crack opening with the increase 
in load is observed in the parts of the crack near the notch tip. This indicates that microcracks may be 
present and can be detected using a different experimental technique, e.g. acoustic emission [94]). As 
the material shows elastic behaviour in this loading regime, microcracks (if present) have not yet 
localized. 
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Figure 3.13 Crack opening profiles in the elastic loading stage (M1-D2 beam). 
* High resolution 
 
3.3.2 Crack opening profile near the peak load 
 
At the notch tip, the crack opening starts to increase rapidly at about 60% of the peak load (Figure 
3.14), evidence of the localization of microcracks into a microcrack. If one adopts the definition of 
Mindess [91], a macrocrack has not yet existed (crack opening superior to 6µm, see Chapter 1).  
 
In the subsequent loading stages (95% and 100% of the peak load), the crack opening continues to 
increase near the notch tip of the beam (Figure 3.14). The crack opening profiles show that the 
macrocrack is advancing upwards in the specimen. The profiles are very zigzag in the final part of the 
macrocrack and indicate the presence of microcracking and toughening mechanisms at the macrocrack 
tip. When the loading reaches near the peak load the crack growth becomes more important. A 
Notch tip 
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significant increase of crack opening and advance of macrocrack can be observed between the loading 
stages 95% of peak load and the peak load. It is assumed that when peak load is attained the crack 
opening at the notch tip and the crack length (macrocrack length + length of microcracking zone, see 
Section 3.3.4) reach certain critical values. These values show a typical trend when the size of the 
specimen is varied and they will be analysed as size effect in Section 3.6.  
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Figure 3.14 Crack opening profiles near peak load (M1-D2 beam). 
* High resolution 
 
In all the experiments the digital images are stored at a rate of 15 images per minute. The correlation 
of these images with respect to the reference image (unloaded specimen) provide with the crack 
opening at different crack locations and thus crack opening rate can also be calculated at each interval 
of time. In Figure 3.15 the crack opening rate at three different crack locations is presented. 
• At notch mouth, the opening rate is constant as it is controlled by the CMOD gauge.  
• At notch tip (after a few unstable measurements at the beginning), the crack opening rate 
decreases while the load increases. In this part of the curve, the material behaviour is in the elastic 
range and the decrease of crack opening rate points out the resistance of the material to the 
opening of the crack. The rate then starts to increase with further increase of the load. This 
increase of the crack opening rate represents the microcrack localization or macrocrack initiation. 
This continues until the specimen reaches its maximum load limit. After the peak load, the crack 
opening continues to increase at constant rate which indicates that the crack surfaces are now 
completely separated at the notch tip. It is also observed that the crack opening rate at the notch tip 
is always less than the crack opening rate at the notch mouth.  
• At 36.6mm from the notch tip, the crack opening rate increases suddenly just after the peak load. 
After this sudden increase, the crack opening rate increases smoothly and then it becomes 
Notch tip 
3. Experimental investigation of crack opening in concrete fracture 
- 66 - 
constant. Again it is observed that the crack opening rate is always less than that at the notch tip 
and the notch mouth. 
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Figure 3.15 Crack opening rate at three locations in the beam (M1-D2 beam). 
* High resolution 
 
3.3.3 Crack opening profile in post peak 
 
Figure 3.16 presents the crack opening profiles in the post-peak loading stages. The process of crack 
growth in the post-peak regime can be divided into two phases. In the first phase, i.e. early post-peak 
stage, the macrocrack extends into the specimen with a corresponding increase in the crack opening at 
the notch tip. In the second phase, the crack opening becomes relatively more important as compared 
to macrocrack extension. In D2-M1 specimens, the second phase starts at about 50% of the peak load 
in the post-peak regime and at this loading stage, the crack length (see Section 3.3.4) is about 80% of 
the specimen height. It is assumed that the top 20% part of the specimen height contains strong 
cohesion forces which may be due to compressive stresses.  
 
In the first phase, a sharp decrease in the specimen load bearing capacity is observed. This is due to 
the development of macrocrack in the specimen. In the second phase, the specimen strength (or load 
carrying capacity) decreases mainly due to the breakage of the remaining bonds between the crack 
surfaces (i.e. the failure of crack surface interlocks due to surface friction and aggregate bridging etc) 
in the semi-separated crack part. This is observed by a significant increase of the crack opening in the 
lower part of the beam (Figure 3.16). The macrocrack advances slowly until the specimen fails when 
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the material strength vanishes completely and there is no possible transfer of stress across the crack 
(due to surface friction or aggregate bridging). In case of pure tension, the specimen would 
theoretically not have this behaviour and the crack would propagate rapidly until complete failure of 
the specimen. 
 
 
Figure 3.16 Crack opening profiles in the post peak loading stages (M1-D2 beam). 
* Low resolution 
 
3.3.4 Measurement of crack length from crack opening data 
 
From the crack opening profile, the crack tip can be theoretically estimated as the location where the 
crack opening becomes zero i.e. crack closure. In the previous experimental crack opening profiles 
(Figures 3.14 and 3.16), it is observed that the crack opening decreases upwards along the height of 
the specimen, sometimes reaching zero (Figure 3.16) and sometimes not (Figure 3.14). In fact, the 
crack tip is blurred by toughening mechanisms and these mechanisms are more active in the pre-peak 
regime (Figure 3.14) as compared to post-peak regime (Figure 3.16). Thus, as shown in Figure 3.17, 
the crack can be divided in two parts: 
 
•  In the first part, the crack surfaces are completely separated up to the point where the crack 
opening decreases and reaches zero (or a constant value). This part of the crack can be considered 
as the macrocrack.  
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• In the second part, the values obtained for the crack opening are limited by the precision of the 
DIC measurement. Also, toughening mechanisms (e.g. aggregate bridging) and microcracking 
processes occur. The crack surfaces are semi-separated (discontinuous crack length, Figure 3.17) 
and the size of this zone depends on the size and the packing of aggregates particles. It is thus very 
difficult to measure using DIC. 
 
 
 
Figure 3.17 Schematic diagram of a crack in concrete structures, representing the open macrocrack 
and the semi-separated discontinuous cracks. * [91] 
 
Therefore, in the following, the crack length considered is the one represented by the linear 
interpolations in Figure 3.18.  
 
The crack length measured with DIC or simply crack length is plotted at different loading stages in 
Figure 3.19. The crack appears at about 60% of the peak load in the pre-peak regime. This loading 
stage also corresponds to the sudden increase in the crack opening rate at the notch tip (Figure 3.15) 
and the deviation of the mechanical behaviour from linearity. The crack length increases smoothly 
until the peak load. A sudden increase in crack length is observed between the peak load and 80% of 
the peak load in the post-peak regime. The crack propagation becomes relatively slower in the final 
loading stages until the specimen fails completely. 
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Figure 3.18 Linear interpolation of crack opening profiles (M1-D2 beam). 
* Low resolution 
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Figure 3.19 Evolution of crack length with the loading stages (M1-D2 beam). 
* Low resolution 
3.3.5 Crack bridging effect and tail softening 
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Crack interface bridging is a phenomenon in which crack surfaces are connected by weak ligaments. 
This phenomenon is responsible for the tail diagram of the Force-Notch mouth opening displacement 
curve in which large crack opening occurs (Figure 3.16). The evolution of the crack length is slower as 
compared to that in the early post-peak regime. This is due to the crack bridging phenomenon i.e. in 
the final loading stages, much energy is consumed in breaking the attached ligaments of the semi-
crack parts of the concrete. This results in relatively less important crack extension. The beam loses its 
remaining strength gradually and a softening tail Force-Notch mouth opening displacement diagram is 
obtained. The beam fails finally when all the ligaments between the surfaces of the crack are broken. 
 
3.3.6 Aggregate interlock and softening  
 
The crack can sometimes be interlocked by an aggregate. This aggregate interlock or aggregate 
shielding is observed in our experimental study. An example of a M1-D2 beam presenting aggregate 
interlock is shown hereafter.  
 
The interlock can occur at any loading stage. However, in the following example it has occurred near 
the peak loading stage (Figures 3.20 and 3.21). An aggregate particle usually comes into the path and 
causes the crack to deflect. Sometimes aggregate particles also break due to a higher stress state in that 
location. In this case, aggregate interlock occurs just in front of the notch and causes an immediate 
drop of the crack opening.  
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Figure 3.20 Crack opening profiles showing aggregate interlock (M1-D2 beam). 
* High resolution 
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Figure 3.21 Crack propagation in a specimen showing aggregate interlock. (M1-D2 beam). 
* High resolution (displacement field) 
 
It can also be seen in the Force-Notch mouth opening displacement diagram (Figure 3.22) that the 
beam presents a softening behaviour at this particular loading stage. The softening of concrete is due 
to large crack openings. However, the crack extension is almost insignificant during the phase of 
aggregate interlock (Figure 3.21). Thus, more energy is consumed to break the crack interlock than to 
extend the crack. However, the crack continues to extend as soon as the aggregate interlock is 
resolved. In this case, crack interlock is resolved by crack deflection. We can see that the crack path at 
the interlock location is not the same for 100% peak load and 80% post-peak load i.e. when the 
aggregate interlock is resolved. It is also observed that after the crack extends rapidly, it attains a 
“normal” crack length similar to other specimens where no aggregate interlock is observed. 
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Figure 3.22 Comparison of the mechanical behaviour of beams with and without aggregate interlock 
(M1-D2 beams). 
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3.4 Influence of aggregate size on the fracture behaviour 
 
In this section, the fracture behaviour of similar sized beams that are made of different concretes (M1 
and M2), is discussed. In these concretes, the maximum size of aggregates is varied to study the 
influence of their size on fracture behaviour. The beams studied are the (small) D1 and (medium) D2 
beams.  
 
3.4.1 Influence on the mechanical behaviour 
 
The mechanical responses of D1 and D2 beams are presented in Figures 3.23 and 3.24 respectively. 
The two concretes have the same initial slope. However, the peak load is considerably affected by the 
maximum size of the aggregate. It is observed, for both D1 and D2 specimens, that the peak load 
increases with the decrease of the aggregate size. However, it occurs at the same notch mouth crack 
opening. 
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Figure 3.23 Average Force-Notch mouth opening displacement curves for the D1 beams. 
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Figure 3.24 Average Force-Notch mouth opening displacement curves for the D2 beams. 
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The post-peak characteristics are different for the two types of concrete. For the M2 concrete which 
has smaller sized aggregates, the response is more brittle than for the M1 concrete. The load decreases 
sharply in the early post-peak regime for the M2 concrete. This brittleness is more pronounced in the 
D2 beam due to the size effect on the mechanical behaviour. Moreover, the tail softening curves for 
the two concretes are not the same. The residual tail strength of concrete due to the crack bridging 
effect is more important for the M1 concrete (especially for the D2 beam). 
 
3.4.2 Influence on the crack length evolution 
 
The crack length evolution diagrams for both types of concrete mixes are presented in Figure 3.25. In 
the pre-peak regime and at the peak load, the crack length in the M2-D2 specimen is bigger than in the 
M1-D2 specimen. In other words, the M2-D2 specimen with higher peak load (or nominal strength) 
corresponds to a longer crack. However, the crack length extension becomes more important for the 
M1-D2 concrete in the post-peak regime. At the final stage (10% post-peak) both specimens have a 
similar crack length. The same conclusion is found for the D1 specimen.  
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Figure 3.25 Evolution of crack length with the loading stages (M1-D2 and M2-D2 beams). 
* Low resolution 
 
3.5 Size effect on the mechanical behaviour 
 
Heterogeneity has an important effect on the mechanical behaviour of concrete. In this experimental 
campaign, bending tests under the same loading conditions are performed on beams of three different 
sizes (D1, D2 and D3). In this section, the influence of the size effect on the mechanical results is 
analysed. The mechanical results due to three different ratios of the maximum size of aggregates to the 
Notch tip 
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height of the beam, are used. In the next section, a size effect analysis is performed following the 
RILEM recommendations [12, 14, 107]. 
 
Figure 3.26 shows the relationship between the nominal stress and the notch mouth opening 
displacement for each specimen size. The nominal stress σN is calculated as:  
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Where P is the applied load, S is the span of the beam, b is the width of the beam and D is the total 
height of the beam (including the notch length).  
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Figure 3.26 Average Force-Notch mouth displacement curves for the M1-D1, M1-D2                       
and M1-D3 beams. 
 
It can be observed in Figure 3.26 that the relationship between the nominal stress and the notch mouth 
opening displacement is different for each specimen size. In the pre-peak regime, the notch opening is 
larger for the D3 as compared to the D1 specimen, regardless of the stress level. The difference 
becomes more important as the load increases. This is possibly due to the fact that the notch length is 
larger for the D3 specimen than for the D1 specimen. At peak load stage, a decrease in the nominal 
strength is observed with the increase of specimen size. This is the evidence of the famous size effect 
and is attributed to the presence of a FPZ of characteristic size ([7], see Section 1.4.2). More details on 
the size effect will be given in the following section as well as in Section 3.6. 
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In the early post-peak regime, a relative sudden drop in the nominal stress is observed. This drop may 
be due to the fact that damage has already occurred in the major part of the beam section. Another 
explanation will be given in Section 3.6 with the help of crack profiles. In the tail of the post-peak 
regime, the relationship between the notch mouth opening displacement and the nominal stress 
becomes quasi-similar for beams of all three sizes.  
 
Another interesting observation is made in Figure 3.27. The notch mouth opening displacement at 
peak load is plotted for the three beam sizes. The size effect is obvious. More specifically, it can be 
observed that the size effect on the notch mouth opening displacement is important for the D1 to the 
D2 beams. The size effect on nominal strength, however, is less important. On the other hand, a strong 
size effect is present on the nominal strength between D2 and D3 beams, and a relatively less 
important size effect on the notch opening displacement. 
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Figure 3.27 Size effect on nominal stress and notch mouth opening displacement at peak load. 
 
3.5.1 Analysis of size effect according to RILEM size effect method 
 
The analysis of the results according to according to RILEM size effect method is made in the 
following in two steps. First, the size independent fracture parameters are determined. Then an 
analysis of the results is made based on the experimental results and the Bazant size effect law. 
 
3.5.1.1 Determination of fracture parameters 
 
In our study, the size effect method recommended by RILEM is followed to determine the fracture 
parameters of the M1 concrete [107]. The calculation procedure adopted is the one provided by Bazant 
and Planas [14]. 
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The measured maximum loads P0i for the three sizes of beams are given in Table 3.1. The loads are 
corrected to take into account the weight of the specimens. The corrected maximum loads Pi are 
calculated using the following expression: 
 
3,2,1,2/)2(0 =−+= iSLSgmPP iiiiii      (3.2) 
 
Where mi g is weight of the beam, Si is the span and L is length of the beam. 
 
Table 3.1 Results of three point bending tests at peak load for M1 concrete. 
b D S L a m P0 P σN 
Size 
mm mm mm mm mm kg N N MPa 
9.57 5846 5877 2.64 
9.63 5928 5959 2.68 D1 100 100 300 400 20 
9.46 5942 5973 2.69 
38.95 10451 10578 2.38 
38.10 11183 11307 2.54 D2 100 200 600 800 40 
38.30 12247 12372 2.78 
153.6 18158 18660 2.10 
150.4 18575 19066 2.14 D3 100 400 1200 1600 80 
152.1 19333 19830 2.23 
 
The nominal strength σN is then calculated, based on the corrected ultimate load for each specimen as  
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The above data is plotted to obtain a linear regression curve (Figure 3.28). The coordinates of the data 
points are 
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Where Di are the sizes corresponding to Pi.  
The regression curve presents the Bazant size effect law (Equation 1.3). We can see that the 
experimental results do not truly present a linear relation between D and 1/σN 2. Actually, the results 
can be interpolated with a curve which is convex upwards.  
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The slope A and intercept C (with the Y axis) of the regression line are calculated in the following 
way: 
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Figure 3.28 Linear regression curve of the nominal strength values for M1 concrete. 
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The shape factor for a span to depth ratio S/D is calculated as: 
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Where, 
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The values of k0 (for α = a/D) and dk0 / da are calculated from the above formulae. Numerical 
differentiation is performed to obtain dk0 / da. Finally, the fracture parameters are calculated using the 
following expressions: 
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The coefficients of variation of A and C, i.e. wA and wC, and the relative width of the scatter band m are 
determined as:  
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Where n = number of specimens = 3 and 
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According to RILEM recommendations, the value of wA should not exceed 10% and the values of wC 
and m 20%. The coefficients of variation of the fracture parameters are finally estimated as: 
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Where wE is the coefficient of variation of E (Young modulus). In our case wE is considered equal to 
zero. 
3.5.1.2 Analysis of size effect on peak load based on Bazant size effect law 
 
Table 3.2 Fracture parameters of M1 concrete according to RILEM size effect method [107] 
D0 β Bft lch cf Gf KIC wA wC m wKIC wG 
(mm) (mm) (MPa) (mm) (mm) (N/m) (MPa√m) (%) (%) (%) (%) (%) 
423.3 409.5 3.02 250.2 77.5 60.2 1.51 16 10 0.7 8 16 
 
Table 3.2 presents the different fracture parameters determined from the RILEM size effect method. 
The coefficients of variation are in the acceptable range, except for wA, which may be due to the 
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inherent material heterogeneity. However, many experimental data widely accepted in literature show 
a similar variation (e.g. [12] B3 concrete).  
 
According to the method, D° is the characteristic dimension of the structure located at the transitional 
point between linear elastic fracture mechanics and strength based mechanical laws. In our case, this 
value is larger than the height D of the largest specimen used, something which indicates that a more 
ductile behaviour should be expected for all beams. The brittleness number can also be calculated 
from Equation 1.4 and is found equal to 0.24, 0.47 and 0.95 for D1, D2 and D3 respectively. 
Therefore, the specimens lie in the intermediate stage between plastic behaviour (β ≤ 0.1) and the 
transition state (β = 1). This type of behaviour is very important because it is the behaviour of the 
concrete used in construction sites.  
 
The values found for the characteristic lengths cf and lch are evidence of a large sized FPZ. This is 
probably due to the large aggregate size used in the concrete. According to the Bazant size effect law, 
the effective fracture process zone length cf is the distance from the notch tip to the tip of the 
equivalent LEFM crack in an infinitely large specimen; or it is half of the FPZ length ahead of the real 
crack. lch is the characteristic length of the material.  In the fictitious crack model [51] it is considered 
as the length of the FPZ. Irwin defined it as the length in which the material undergoes plastic 
deformation. For concrete, the material does not show a rectangular yield plateau in front of the crack. 
This is the reason why Hillerborg [51] using Irwin’s expression, estimated the length of the FPZ zone 
of triangular or concave-upward shape. Therefore, one will get a higher lch as compared to the actual 
damaged zone. Gf is the fracture energy of the material and is considered as a material property. If we 
consider that Gf is a function of the crack length that changes when the crack approach the boundaries 
([38, 56], see also Chapter 1), we can conclude that Irwin’s characteristic length is not constant but is a 
function of the crack length. 
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According to Bazant’s size effect law, the fracture energy Gf is defined as the energy required for a 
unitary crack growth in an infinitely large specimen. He assumed that a linear relationship exists 
between (1/σN)2 and D (the regression line in Figure 3.28). In the expression of fracture energy 
(Equation 3.11), k0 is the value of kS/D for α where α is the ratio of the notch length to specimen height. 
By applying this to an infinite large dimension, Bazant calculated the fracture energy as the critical 
energy release rate according to linear elastic fracture mechanics (see Equation 1.7).  
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Bazant’s size effect curve is presented in Figure 3.29. It can be seen that the size effect on the nominal 
strength is not very pronounced between D1 and D2, but more prominent between D2 and D3. 
Bazant’s size effect law (Equation 1.3) represents a smooth transition between D1, D2 and D3. The 
size effect curve passes well through the large specimen results (specimen near to the LEFM line), but 
a slight discrepancy is present for D1 and D2 specimens. This might show some inadequacy of the 
Bazant size effect in this experimental range. 
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Figure 3.29 Size effect curve between non-dimensional nominal strength and size of the beams. 
 
3.6 Size effect on crack opening    
 
In this section, the crack profiles for the three sizes of beams, obtained from DIC analysis at different 
loading stages, are studied. Size effect is investigated in terms of crack opening displacement and 
crack length at the same loading conditions (i.e. % of maximum force) or in terms of loading 
conditions at the same fracture state. 
 
3.6.1 Size effect on crack initiation 
 
The crack always initiates from the weakest link in the material. Since the beams are notched, the 
crack starts from the notch tip. This is the reason why the crack opening at the notch tip is analysed 
hereafter.  
 
Figure 3.30 presents the evolution of the crack opening displacement rate at the notch tip for the three 
beams. For the D1 beam, an increase in the rate of the crack opening is observed at about 50% of the 
peak load. After this point, a small decrease occurs and then a continuous increase in the crack 
opening rate is observed until 95% Fmax in the post-peak regime. This shows that for the D1 beam the 
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crack initiates at 50% in pre-peak regime and then continues to grow gradually. For the D3 specimen, 
the crack opening rate increases suddenly just before the peak load. A similar observation is made for 
the D2 specimen. In other words, the crack initiates just before the peak load for the D2 and D3 
specimens. Thus, an apparent size effect is present on the crack initiation. 
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Figure 3.30 Evolution of the crack opening displacement rate at the notch tip with the loading stages 
for the three beam sizes. 
 
3.6.2  Size effect on crack opening profile at peak load 
 
In Figure 3.31, the crack opening profiles at peak load for the D1, D2 and D3 beams are presented. It 
can be seen that all the specimens show similar crack profiles (no size effect).  
 
Figure 3.31 Size effect on crack opening profile at peak load for three sizes of M1 beams. 
* High resolution 
0
5
10
15
20
25
30
35
40
45
0 10 20 30 40 50
Crack opening displacement (µm)
H
ei
gh
t o
f b
ea
m
 
(m
m
)
100% peak beam D-1
100% peak beam D-2
100% peak beam D-3
Notch tip 
3. Experimental investigation of crack opening in concrete fracture 
- 82 - 
3.6.3 Size effect on crack length 
 
The crack length can be estimated from the crack opening profiles. In Figure 3.32 the relative crack 
length (Lcrack/D) at different loading intervals for each specimen size is plotted. It is the ratio of the 
length of crack from the notch tip (Lcrack) to length of specimen from notch tip (H). It can be seen that 
the formation of the crack starts before the maximum load is reached. For the smaller specimen D1, 
the crack initiates at a lower loading in the pre-peak regime as compared to the larger specimen D3.  
 
In Figure 3.32 the crack growth in D1 specimen can be divided into three stages. The first stage is 
from the crack initiation to 95% Fmax in the post peak regime. In this stage, the crack growth is smooth. 
In the second stage i.e. between 95% Fmax to 80% Fmax in the post peak regime, the crack growth is 
relatively abrupt and the crack length is almost doubled. In the last stage, the crack propagation is 
relatively slow.  
 
The crack growth in D3 beam is relatively smooth. We can observe that the initiation of the crack is 
delayed and the crack grows in the same way in the subsequent loading stages. We can also see that 
the relative crack length in the D1 specimen is bigger as compared to D2 and D3. This shows a 
significant size effect on the crack length. Just before the rupture of the specimen, the relative crack 
length is almost the same for all the specimens. 
 
According to the original version of Bazant size effect law [7], the crack length at peak load, in 
concrete specimens of varying sizes, is proportional to the height of the specimen (and equal to the 
notch). This is not found here, as the crack lengths at peak load are not proportional to their respective 
specimen sizes. 
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Figure 3.32 Evolution of the relative crack length (crack length from notch tip/specimen height from 
notch tip) with the loading stages for the three sizes of beams. *Low resolution 
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3.7 Case study: Crack openings in reinforced concrete and size effect 
 
Serviceability limit states (SLS) for reinforced concrete (RC) structures are usually applied to ensure 
their functionality and structural integrity under service loading conditions. In current design codes 
(EC2 EN 1992 [40]), the serviceability limit states are defined by providing three control parameters 
(1) Limitation of stresses in the material (2) Control of crack openings and spacing (3) Deflection 
(short term and long term) checks. The maximum stresses, deflections and crack openings are 
computed from critical combinations of actual applied loads (called service loads), in conjunction with 
the structure’s geometry (type and location of reinforcement) and boundary conditions. In this section, 
an experimental study is presented, in which three geometrically sized beams are tested in three point 
bending. Experimental crack openings and crack spacing are obtained, when the structure is subjected 
to service loadings. A bibliographic study on the crack control and size effect on crack openings in RC 
structures is first presented. Then, the experimental setup is explained and lastly, the results are 
analysed. 
 
3.7.1 Crack control in RC structures 
 
It is recognized that cracking in reinforced concrete members may be of two forms: (1) cracking due 
to restraint provided by structure to volume change, and (2) cracking due to applied loads. In this 
section, only the cracking due to applied loads is discussed.  
 
There are three principal elements in the provisions of crack control (EC2 EN 1992 [40]): (1) the 
provision of minimum reinforcement area (2) a method for calculating design crack opening and (3) 
simplified rules which will avoid the necessity for explicit calculation of crack opening in most normal 
situations. 
 
3.7.1.1 Design crack opening 
 
The approach almost universally used to explain the basic cracking behaviour of reinforced concrete is 
to consider the cracking of a concrete prism that is reinforced with a central bar which is subjected to 
pure tension. Bending does influence the phenomena but this is dealt with in the Eurocode [40] by an 
empirical adjustment of the coefficients.  
 
According to Eurocode (EC2 EN 1992 [40]), the design crack opening can be determined using the 
following expression 
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( )cmsmrk sw εε −= max,          (3.15) 
 
Where,  
wk is design crack opening; sr,max is maximum crack spacing; εsm is mean strain in the reinforcement 
and εcm is mean strain in concrete between cracks.  
 
In the expression (Equation 3.15) εsm - εcm may be calculated as: 
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Where, 
σs is stress in the tension reinforcement assuming cracked section and ρp,eff is As/Ac,eff, which is the ratio 
of area of tension reinforcement (As) to the effective tension area of concrete around the steel (Ac,eff). 
However, Ac,eff depends implicitly upon the concrete cover provided on the tension face. See details in 
EC2 EN 1992 [40]. 
 
3.7.1.2 Maximum final crack spacing 
 
According to Eurocode (EC2 EN 1992 [40]) when reinforcement is fixed at a reasonably closed 
spacing (spacing ≤ 5(c+Φ/2)), the maximum final crack spacing can be calculated as: 
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Where, 
Φ is bar diameter; c is concrete cover and k1 and k2 are the coefficients depending upon steel-concrete 
bond properties and loading type respectively. See EC2 EN 1992 [40] for details.  
 
In Equation 3.17, concrete cover c is explicitly introduced into the expression of the crack opening as 
suggested by A. Beeby [16, 17]. Beeby studied the influence of concrete cover on the transfer length. 
The transfer length increases monotonically with the increase of concrete cover. This effect is 
introduced in the calculation of crack spacing. Stress in the concrete around the reinforcement is 
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directly dependent on the stress transfer length between concrete and steel. Since cracking in concrete 
occurs at the points where stress exceeds the tensile resistance of concrete, therefore, crack spacing is 
a function of concrete cover. In this study, the ratio of concrete cover to height of the beam is kept 
constant in order to take into account the effect of overall structure size on the crack opening and crack 
spacing. 
 
3.7.1.3 Analysis of test data 
 
It has been suggested that when analyzing the test data of crack opening and crack spacing in 
reinforced concrete tensile members, the following considerations should be made (commentary to EN 
1992 [60]):  
 
• The materials to be used should be similar to the materials in use today in the building 
structures. The low bound rebars, concrete qualities less than 20 N/mm2 and steel qualities less 
than 400 N/mm2 should not be used. 
 
• The stress range should be serviceability range. For this purpose, results in the stress range of 
steel from 150 to 350 N/mm2 should be considered for tests involving direct actions. For 
indirect actions, steel stress range up to the yielding stress of steel should be considered. 
 
• To determine the crack spacing, the number of cracks present at the last phase of the test is 
always considered since it is the closest to the stabilized cracking, as given by Equation 3.17.  
 
In the literature a very little data is found for the direct comparison between the calculated and the 
experimental crack widths.   
 
3.7.2 Size effect on crack opening in RC structures 
 
It is obvious that the cracking behaviour is also influenced by structural size. This has already been 
demonstrated in the previous sections of this chapter. A numerical study of reinforced concrete based 
on fracture mechanics rules has also shown cracking behaviour to be size dependent [95]. Crack 
opening was calculated in tensile members who had constant central reinforcement and member 
length, but varying cross sectional areas. It was found that crack opening decreases as the width of the 
member increases. Results were not compared with experimental data. They found that previously 
obtained experimental data is very scattered because crack opening depends not only on the geometry 
and loading condition of the structure, but also on the size of the structure. In the current design 
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approach (Equation 3.15 and 3.16) crack opening is evaluated using primarily empirical methods that 
require some empirical constants. The size effect on the crack opening cannot be accounted for by the 
conventional analysis unless additional empirical constants are used [114]. 
 
A limited amount of experimental data is available in literature, concerning the study of size effect on 
the crack opening and crack spacing in RC members. Most of the results deal with reinforced concrete 
members which have been subjected to tension or which have small dimensions [60]. In this section, 
an experimental program is presented in order to study the effect of structural size on crack opening 
and crack spacing. Three sizes of beams with geometrically similar length and height, but with 
constant thickness, are tested in three-point bending. The tensile reinforcement ratio is kept constant. 
However, the concrete cover to the reinforcement is scaled according to the overall size of the beam. 
The aim of this study is to evaluate the design crack opening and crack spacing expressions present in 
the Eurocode (Equations 3.15-3.17), with the experimentally measured crack width and spacing. 
 
3.7.3 Experimental program 
 
3.7.3.1 Materials 
 
The concrete used to prepare the beams is mix M2 (see Tables 2.1 and 2.2). The longitudinal 
reinforcement of beams is constituted of deformed bars which are 10, 14 & 20mm in diameter, while 
the transverse reinforcement is provided by deformed bars which are 6mm in diameter. The steel bars 
in both cases are type fyk ≥ 500 MPa. 
 
3.7.3.2 Beams geometry 
 
Three sizes of beams are tested. The dimensions of the beams are given in Table 3.3. The beams have 
a constant width (b = 100mm), however, the length and height are scaled. The concrete cover at the 
tension face of the beam is also scaled with the same proportion between different sizes of beams. The 
beams are reinforced with a constant reinforcement ratio by varying the diameter of the bars. The 
number of bars, however, is kept constant. Steel stirrups are used in the area of high shear. Two hanger 
bars of 6mm diameter are used to support the steel stirrups. These bars are cut where the stirrups are 
not provided (Figure 3.33). 
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Table 3.3 Specimens’ geometry. 
             
Beam   b  h L  l ρ cover  
   mm mm mm  mm % mm 
               
Small-D1  100 100 400  300 1.99 10 
Medium-D2  100 200 800  600 1.84 20 
Large-D3  100 400 1600  1200 1.83 40 
                     
 
 
 
 
 
 
 
Figure 3.33 Geometry and reinforcement details.* 
* The figure is not scaled. 
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3.7.3.3 Test procedure 
 
All the experiments are performed using the same testing machine with controlled displacement. The 
test setup is shown in Figure 3.34. The load is applied at the mid span with a cylindrical jack, ensuring 
the point load. The load is transferred to the beam using a rubber pad, to avoid the concrete damage at 
the load point. The test is carried out using a constant vertical displacement rate of 0.5 mm/min. The 
displacement is measured using a laser sensor, which measures the displacement at the mid section of 
the beam under the load. The sensor is attached to a steel hanger, which is supported at the supports, to 
take into account the settlement of the beam at the supports. 
 
Figure 3.34 Test setup. 
 
For each beam, two electric strain gauges are attached to the lower face of the tension steel at mid 
span. This is done to measure the longitudinal strain in the steel during the test (Figure 3.35).  
 
Results are discussed here for three point bending tests on three sizes of beams. After the fabrication, 
these beams are stored at a temperature of 20°C and a relative humidity of 50% for 24 hours. After the 
removal of the moulds, these beams are stored in 100% relative humidity for 28 days. 
 
Figure 3.35 Strain gauges attached to the steel bars at mid span.* 
*View before the pouring of concrete 
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Figure 3.36 Camera zones for digital image correlation. 
  
800
850
900
950
100 110 120 130 140 150 160 170
x (mm)
u
 
(µm
)
COD 1
Crack spacing
700
750
800
850
900
0 10 20 30 40 50 60
x (mm)
u
 
(µm
)
COD 2
Crack spacing
  
Figure 3.37 Measurement of crack opening displacement (COD) and crack spacing                             
in small (D1) beam. 
 
Digital image correlation technique is used to measure the crack openings and crack spacing. The 
correlation parameters used are the same (see Chapter 2). The images on a single face of the specimen 
are captured using two digital cameras, which give 256 levels of gray intensity. The cameras are 
placed in such a way that an area 15x10 cm is filmed by each camera on either side of the mid span. 
The mid span portion is filmed by both cameras. The mid span section is taken as a reference to relate 
the measurement values of the two cameras (Figure 3.36). The measurement of crack opening 
displacement (COD) and crack spacing by digital image correlation is presented in Figure 3.37. COD 
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is measured as the displacement jump on the surface of the beam. The procedure in describe in Section 
3.2. Multiple cracks are found, but only the maximum COD is considered in the further analysis. The 
crack spacing is measured as the distance between the centre lines of the displacement jumps (see 
Figure 3.37). 
 
3.7.4 Results and discussions 
 
In Figure 3.38, the crack opening measured using digital image correlation technique is plotted as a 
function of steel strain εsm against the crack opening, which is obtained using the Eurocode 2 crack 
opening formula (Equation 3.15). The crack opening is measured at the mouth of the crack i.e. at the 
lowest fibre of the beam where the crack opening is maximum. It can be seen in Figure 3.38 that the 
Eurocode 2 formula underestimates the crack width for all the three sizes. The difference between 
measured and calculated value increases when the strain is higher. Figure 3.39 shows the comparison 
between measured and calculated values, for a stress range under the yield limit of steel. 
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Figure 3.38 Comparison of experimental crack opening (Wk,exp) and calculated maximum crack 
opening (Wk,max) during crack formation stage (εsm< yield limit). 
 
A more detail observation of the effect of size on the Eurocode 2 calculated crack opening is made in 
Figure 3.38. The crack openings are calculated in the stress range under the yield limit of steel. It is 
clear that the calculated crack opening is more or less comparable for a small sized beam but the error 
increases with an increase in size. 
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Figure 3.39 Size effect on experimental and calculated maximum crack opening. 
 
The crack opening obtained from the Eurocode 2 formula does not take into account the size effect. 
The calculated values are different for the three sizes of beams (Figure 3.39), but this should not be 
considered as size effect, as the Eurocode 2 formula depends only on the concrete cover and diameter 
of the bars. The true size effect, however, is the effect of the dimensions of the structure on the overall 
fracture mechanism. As the structure becomes sufficiently large, the size of the heterogeneity becomes 
negligible compared to the size of the structure and the material follows brittle failure. However, when 
the size of the structure becomes sufficiently small, the size of the heterogeneity becomes comparable 
to the size of the structure and the material and the material follows the ductile failure. 
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Figure 3.40 Maximum spacing of cracks, comparison of measured values with the calculated values. 
 
The maximum spacing between cracks is also measured when steel stress is equal to 300 N/mm2. In 
Figure 3.40 this spacing is compared with the spacing obtained from the Eurocode 2 formula 
(Equation 3.17). It is seen that for the medium (D2) and large (D3) sized beams, Eurocode 2 
underestimates the crack spacing. 
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Conclusion 
 
This chapter was focused on the crack growth in three sizes of geometrically similar beams, using DIC 
technique. A procedure was developed in order to obtain crack openings from the displacement field. 
The fracture process was identified by monitoring the crack openings. In the elastic phase, the crack 
openings were very small (1-5µm). The crack openings started to increase rapidly after about 60% of 
peak load in the pre-peak regime. In the post-peak phase, two stages were identified. In the early post-
peak stage, the crack openings increased with a considerable decrease in the loading capacity. In the 
tail part of the post-peak regime, the crack openings in the lower part of the crack significantly 
increased, with a relatively gradual decrease in the load bearing capacity. This was attributed to the 
breakage of the remaining links of the semi-cracked zones. 
 
Crack length was also estimated from crack opening profiles. It included the length of the macrocrack 
and some part of the microcracking zone in which rack openings were not negligible. It was assumed 
that this crack length plays a significant role in the decrease of the load bearing capacity. It was found 
that (1) crack length in the pre-peak region was identical in all the beams and did not vary in 
proportion to the size of the beam. Thus, for a smaller beam (with higher σN), longer relative crack 
length was observed. (2) In post peak region, two stages of crack propagation were observed. During 
early post-peak, the length of the crack increased rapidly up to 50% of the peak load. However, in the 
final post-peak region, crack opening became more important than the crack length propagation. (3) In 
the D1 specimen during the post peak regime, crack length propagation was relatively slower due to 
the boundary effect. (4) When aggregate size was reduced, a higher peak resistance was obtained, and 
the corresponding relative crack length measured at peak load was also higher. This conclusion is 
similar to (1) that higher resistance corresponds to a longer relative crack length.  
 
A case study is also presented in which crack openings and crack spacing in reinforced concrete beams 
under three point bending tests were monitored. The experimental results were compared with the 
design values from Eurocode 2. It was observed that (1) Eurocode 2 underestimates the crack openings 
for all sizes of the beams. As the strains in the rebars increased, the difference between the measured 
and the calculated (Eurocode 2) values increased. (2) An important size effect on the measured crack 
openings was observed while keeping the strain level constant in different sizes of the beams. This 
size effect was not considered in the Eurocode 2 crack control expressions. Therefore it was not well 
captured in the calculated crack openings. (3) Another size effect was observed on the maximum 
spacing between the cracks. The Eurocode 2 expression underestimates the crack spacing when the 
size of the specimen increases. 
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4 CHAPTER : 
MODELLING OF 
SIZE EFFECT AND 
CRACK OPENING 
PROFILES: COMPARISON WITH THE EXPERIMENTAL 
RESULTS 
 
 
 
 
 
 
 
 
Most engineering materials like concrete contain initial defects. Propagation of these defects under 
certain loading conditions can result in the failure of the structure. Due to catastrophic failures in the 
past, the engineering community re-examined the design codes and found that conventional strength 
based design approaches are not valid in case of sharp cracks as the stress value cannot be used as a 
failure criterion. Actually, the stress at the tip of a sharp crack in an elastic continuum is infinite no 
matter how small the applied load [48, 47]. This led to the development of Linear Elastic Fracture 
Mechanics (LEFM) and the use of fracture mechanics principles in the design and modelling of 
concrete structures. 
 
In concrete numerical simulations, the application of LEFM is restricted because a crack never 
propagates alone but it is always accompanied by toughening mechanisms e.g. microcracking, crack 
branching, crack bridging etc. Alternatively, one might include all these effects by using nonlinear 
fracture theories like the fictitious crack approach or continuum damage mechanics. 
 
In this chapter, a finite element modelling approach is used to simulate the experimental campaign 
presented in the previous chapters. More specifically: 
 
• In the first section, some fundamentals of crack propagation based on fracture mechanics 
principles are presented. 
• Continuum damage modelling of concrete is discussed in the second section. Emphasis is 
made on the nonlocal approach of the continuum. 
• The third section presents an elementary simulation of a bar using a nonlocal damage model. 
The procedures to extract crack openings from nonlocal fields are outlined. 
 
Chapter 4 
 
 
Modelling of Size Effect and Crack Opening 
Profiles: Comparison with the Experimental Results 
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• The fourth section deals with the simulation of the concrete beams presented in Chapters 2 
and 3. Focus is made on the determination of the model parameters. Global variables and 
crack opening profiles are extracted and compared with the experimental data. 
 
4. Modelling of size effect and crack openings 
- 97 - 
4.1 Fundamentals  of crack propagation  
 
In this section, attempts are made to review some fundamental aspects of concrete fracture. In fracture 
mechanics, three fracture modes occur in solids. Mode-I or “tensile opening mode” is the most 
common case where a tensile loading occurs at the crack tip. The crack tip can, however. undergo two 
other modes, namely Mode-II (in-plane shear) and Mode-III (out-of-plane shear). These three crack 
modes are shown systematically in Figure 4.1. Only the tensile opening mode of the crack (Mode-I) is 
focused on in this chapter. 
 
Figure 4.1 Three principle crack modes (a) Mode-I or tensile opening mode (2) Mode-II or in plane 
shear mode (c) Mode-III or out-of-plane shear mode (from [20]). 
 
4.1.1 Linear elastic crack 
 
Kaplan [63] made a pioneering attempt to apply LEFM principles to concrete. After him, many such 
attempts have been made to determine global LEFM parameters for concrete, such as the critical stress 
intensity factor KIC and the critical strain energy release rate GIC. Subsequent work involved 
determining the relation between fracture parameters and other concrete material characteristics like 
aggregate size, mechanical strength, rate of loading etc. Soon, it became apparent that a straight 
forward application of LEFM concepts to concrete is not possible.  
 
Hsu [53] established that the bond between aggregate and matrix is the weakest link in the concrete 
material. When a load is applied, the bond starts to crack at the early pre-peak stage. The stress-strain 
diagram starts to deviate from linearity during subsequent loading and energy dissipation occurs due to 
the formation of microcracks. Unlike brittle materials, a softening type stress-strain curve is obtained. 
Soon, it was realized that the energy actually required for unit crack propagation is much larger than 
GIC due to the fact that cracks in quasi-brittle materials are not smooth and are accompanied by 
toughening mechanisms [63]. For this reason, the GIC is replaced by the crack growth resistanceℜ . 
Successive experimental research consisted of setting up test methods to measure ℜ . One important 
theoretical step was the discovery of the J-integral by Rice [104] which provided a way to relate the 
energy release rate for any elastic material to the stress and strain fields close to the crack tip and thus 
gave a key to analyzing fracture for nonlinear materials. 
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4.1.2 Critical crack tip opening displacement 
 
Wells [132] proposed that crack tip opening displacement (CTOD), defined as the displacement at the 
tip of the notch (Figure 4.2), can be used to describe fracture toughness of inelastic materials. Jenq and 
Shah [61] proposed a two-parameter fracture model. They assumed that considering the presence of 
the crack tip inelastic zone, CTOD consists of an elastic component (CTODe) and an inelastic 
component (CTODp). To separate the elastic and plastic fracture responses of a given specimen as 
shown in Figure 4.2(a), the specimen may be loaded up to the maximum stress, and an unloading and 
reloading cycle is performed as shown in Figure 4.2(b).  
 
The crack mouth opening displacement (CMOD) can be defined as the displacement at the notch 
mouth. Based on the obtained unloading compliance, the value of the crack mouth opening 
displacement at peak load (CMODc) can also be divided into two components. 
 
p
c
e
cc CMODCMODCMOD +=          (4.1) 
 
Where CMODce and CMODcp are the elastic and inelastic components respectively and can be 
determined as shown in Figure 4.3(b). The measured values of CMODce as well as the maximum stress 
σc are further substituted into the following LEFM equations to calculate the critical stress intensity 
factor KIC and the critical effective elastic crack length ac. 
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The value of critical tip opening displacement CTODce is then determined based on the obtained 
values of crack mouth opening displacement at critical stage, CMODce. 
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Where g1, g2 and g3 are geometric functions [61], b is the height of the specimen and E is the Young’s 
modulus. The schematic diagram of the Jenq and Shah model is presented in Figure 4.3. 
 
Jenq and Shah [61] proposed that the fracture property of a quasi-brittle material may be characterized 
by the values of KIC and CTODc. It is important to note that the CTODc is defined at the initial crack 
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tip and that geometric factors such as geometrically similar crack lengths at critical loads are assumed 
for geometrically similar beams. A large round-robin test program was conducted by RILEM 
Committee TC89 [65]. It is shown that the critical stress intensity factor KIC evaluated at the tip of the 
effective crack is essentially independent of the specimen size as well as the methods of the estimation 
of the effective crack lengths. A similar extensive comparison has not been done for CTODc. Since 
CTODc is a small quantity and thus difficult to measure, additional verification is needed to confirm 
that it is indeed a material property.  
 
Karihaloo and Nallathambi [64] proposed an effective crack model based on the equivalent LEFM 
approach. The basic concept is similar to the two-parameter fracture model [61]. However, secant 
compliance at the maximum load, rather than the elastic part of the unloading compliance is used to 
determine the effective-elastic crack length.  
   
Figure 4.2 Procedure for determining fracture parameters by the two-parameter fracture model [61] (a) 
crack tip opening displacement (b) loading and unloading procedure. 
 
Figure 4.3 Stages of crack growth according to Jenq and Shah model [61] (a) initiation of stable crack 
growth (b) stable crack growth (c) start of unstable crack growth. 
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In summary, all the models based on effective elastic crack approach (e.g. Jenq and Shah model [61]) 
can only predict the maximum load and the corresponding displacement (the crack lengths may not be 
correct), since material fracture parameters are defined for the critical fracture of a structure. Since the 
pre-peak stable crack growth can be controlled by critical fracture, it may also be predicted. However, 
discrepancies increase as the fracture state is far away from the peak load. Generally, effective-elastic 
crack approach may underestimate the displacement after the peak load because the inelastic response 
is ignored. 
 
4.1.3 Fracture energy dissipation in a quasi-brittle crack 
 
The fracture behaviour of concrete is greatly influenced by the fracture process zone. Among the most 
successful approaches to apply fracture mechanics, one is to simulate Mode-I concrete fracture with an 
effective line crack. In this case, the inelastic fracture process zone is taken into account by cohesive 
pressure acting on the crack faces. The cohesive pressure σ(w) is a monotonic decreasing function of 
the crack opening displacement w. The value of σ(w) is equal to material tensile strength ft for w = 0 at 
the crack tip (the end of the fracture process zone). This implies that microcracks ahead of the crack 
tip are not included in the fracture process zone.  
 
This is reasonable if the size of microcracking zone is negligible compared to the macrocrack and thus 
the energy released due to microcracking can be neglected. The energy release rate Gq at the tip of the 
effective quasi-brittle crack may therefore be divided into two portions (1) the energy consumed 
during the material fracturing in creating two surfaces GIC, which is equivalent to the material surface 
energy, and (2) the energy rate to overcome the cohesive pressure σ(w) in separating the surfaces, Gσ. 
As a result, the total energy release rate for a mode-I quasi-brittle crack can be expressed as: 
  
σGGG ICq +=                       (4.5) 
 
The value of GIC may be evaluated based on LEFM and is called critical energy release rate. Since Gσ 
is equal to the work done by the cohesive pressure over a unit length of the crack for a structure with a 
unit thickness, its value can be calculated as: 
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Substituting we get  
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Where ∆a is the change in crack length, σ(w) is the normal cohesive pressure and wt is the crack 
separation displacement at the initial crack tip. The above Equation (4.7) is the general energy 
equilibrium condition for the propagation of a mode-I quasi-brittle crack. It shows that for quasi-brittle 
fracture, the energy release rate due to applied load (Gq) is balanced by two fracture energy dissipation 
mechanisms i.e. the energy dissipation due to creation of a new fracture surface [47] and the energy 
dissipation due to formation of a nonlinear fracture zone (due to toughening mechanisms). 
 
4.1.4 Fictitious crack model 
 
The fictitious crack approach assumes that energy required to create the new surfaces is small 
compared to that required to separate them. As a result, the energy dissipation can be completely 
characterized by the cohesive stress-crack opening relationship σ(w). Hillerborg and co-workers [51] 
were the firsts to propose a fictitious crack model for fracture in concrete. The area under the entire 
softening stress-crack opening curve is denoted as Gf, and it is given by 
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The fracture energy represents the energy absorbed per unit area of the crack and is regarded as a 
material fracture parameter. In the fictitious crack model, the softening, stress-crack opening curve 
σ(w) is also assumed as material property, independent of the structural geometry and size. Therefore, 
the fictitious crack model requires knowing only three material parameters: the values of ft, GF and the 
shape of the σ(w) curve. Here, the characteristic length of the material is defined as the length of the 
fracture process zone and determined by  
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Where E is the modulus of elasticity of the material. The value of lch approximately ranges from 
100mm to 400mm [52]. 
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It is noted that the choice of the σ(w) function influences significantly the prediction of the structural 
response [108, 1] and the local behaviour (e.g. the crack opening displacement is particularly sensitive 
to shape of the σ(w) curve). Different shapes of σ(w) curves, including linear, exponential and power 
functions have been previously used. Experimental determination of σ(w) using tension tests has also 
been suggested [46]. However this is difficult as results may vary with the specimen size and shape 
[127]. 
 
4.2 Damage Mechanics and Smeared crack concept 
 
Two approaches can be found in the literature to simulate cracks: the discrete approach and the 
smeared crack approach. The former approach models crack as a geometrical discontinuity, whereas 
the latter imagines the cracked solid as a continuum. In a typical finite element analysis cracks are 
often modelled by means of a separation between finite element edges. The approach suffers from a 
major drawback that the crack is constrained to follow a predefined path along the element edges. 
Recently, an extension of the finite element method known as the Extended Finite Element Method 
(X-FEM) [93] was developed to cater the arbitrary discontinuities in meshes. This extension exploits 
the partition of unity property of finite elements [84], which allows local enrichment functions to be 
easily incorporated into a finite element approximation. Work has also been done to model cohesive 
crack growth, where energetic considerations are used to model the crack tip [92].   
 
The counterpart of the discrete crack concept is the smeared crack concept, in which the cracked solid 
is imagined to be a continuum. This approach, introduced by Rashid [103], starts from the notion of 
stress and strain and permits a description in terms of stress-strain relations. Many numerical models 
are proposed based on continuum damage modelling approach [113, 73]. The procedure is attractive 
not only because it preserves the topology of the original finite element mesh, but also because it does 
not impose restrictions with respect to the orientation of the crack planes. It is for these two reasons 
that the smeared crack concept has quickly replaced the early discrete concepts and has become into 
widespread use after the 1970s. Different models based on the smeared crack concept and the damage 
mechanics theory are detailed hereafter. 
 
4.2.1 Crack band Model 
 
Bazant and Oh [11] modelled the fracture process zone considering a band of uniformly and 
continuously distributed microcracks, which has a fixed width h and a blunt front as shown in Figure 
4.4. Crack propagation is simulated by a simple stress-strain relationship. Bazant argued that for 
randomly inhomogeneous materials, the equivalent continuum stresses and strain are defined as the 
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averages of microstresses and microstrains over a certain representative volume. The cross section of 
this volume should be ideally taken to be much larger than the size of the inhomogeneities i.e. several 
times the maximum aggregate size in the case of concrete. From different measurements, Bazant 
further assumed that large amount of microcracks are concentrated essentially on a line which is 
highly tortuous, extending to each side of the straight line to a distance equals to the aggregate size, as 
the crack is trying to pass around the harder aggregate pieces. Also, Bazant assumed that the boundary 
of the fracture process zone should not be defined as the boundary of visible microcracks, but as the 
boundary of the strain- softening region. Since the strain softening is caused not only by 
microcracking but also by any bond ruptures, the fracture process zone could be much wider (as well 
as longer) than the region of visible microcracks. To build an equivalence principle between the crack 
band model and the cohesive crack model, the crack opening displacement is considered as:  
 
wh f =ε
                      (4.10) 
 
Where ε f is the inelastic fracturing strain, graphically defined as shown in Figure 4.4 and w is the 
cohesive crack opening displacement. 
 
 
(a)       (b) 
Figure 4.4 Correspondence between (a) the softening curve of the cohesive crack model and (b) the 
stress-strain curve of the crack band model [11]. 
 
Based on Equation 4.10, the energy consumed due to crack advance per unit area of the crack band is 
the product of the area under the stress-strain curve and the width of the crack band h. This leads to 
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Where Et is the strain-softening modulus (represented by the dashed line in Figure 4.4) and ft’ is tensile 
strength of the material. The width of the crack band is calculated as h= na da, da being the maximum 
aggregate size and na is an empirical constant whose suggested value is 3 for concrete. It implies that 
the size of the facture process zone is independent of the size and geometry of the specimen (this 
assumption is criticized in [38]). 
 
For the models based on the fictitious crack approach [51, 11] it is often reported that the assumption 
GIC = 0 provides some computational efficiency. However, specific features associated with crack 
propagation, such as crack profiles, computed from the fictitious crack approach often do not match 
with those experimentally measured [89]. The fictitious crack model may physically make sense when 
the crack tip fracture process zone has the same fracture mechanisms as the crack wake-process-zone 
or macrocrack propagation [31]. Another problem with fictitious crack models is the need to 
determine experimentally a size independent value of the tensile strength that can be measured 
consistently and easily [114]. 
 
4.2.2 Continuum damage modelling of concrete 
 
In the continuum damage mechanics theory the mechanical effects of toughening mechanisms, void 
nucleation and growth are represented by a set of state variables which act on the elastic and/or 
inelastic behaviour of the material at the macroscopic level.  
 
4.2.2.1 Mazars damage model 
 
Hereafter, a simple scalar damage model is presented, in which damage is assumed to be isotropic 
[82]. In damage mechanics theory, damage engenders a degradation of the elastic stiffness of the 
material through a variation of the Young’s modulus. 
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Where v0 and E0 are the Poison’s ratio and Young’s modulus of the undamaged isotropic material 
respectively and δij the Kronecker symbol. The elastic (i.e. free) energy per unit mass of the material 
is: 
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Where d is the damage variable. Its value varies from 0 to 1 for the undamaged to fully damaged state 
respectively. C0 is the stiffness tensor of the undamaged material. This energy is assumed to be the 
state potential. The damage energy release rate is defined as the variable associated to the damage 
state variable in the state potential: 
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With the rate of dissipated energy: 
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Where ρ is the mass density. 
For an isotropic damage model, this equation reduces to: 
 
dY && =φ
                     (4.16) 
 
The damage energy release rate is always positive and thus the rate of damage must be positive in 
order to comply with the second principle of thermodynamics. The evolution of damage is very often 
related to the strain state. Moreover, it is defined in an explicit, integrated way, which is easier to 
handle. The damage loading function can be defined as: 
 
( ) κεε −= ~,~ Yf
                    (4.17) 
 
Where ε~ is a positive equivalent measure of strain and κ equals the damage threshold 0Dκ  initially 
and during the damage process it is the largest ever reached value ofε~ . For the uni-axial tensile case, 
the equivalent uni-axial strain is straightforward (it is the axial strain). However, for general states of 
stress, damage evolution should be related to some scalar quantity, function of the state of strain. 
There are several proposals in this regard. For concrete, Mazars [82] proposed the following form: 
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Where εi are the principal strains. 
The evolution of damage has the following form: 
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The function h(κ) is specific, depending on different models in the literature.  
 
In order to capture the differences of mechanical responses of the material in tension and in 
compression, the damage variable is often determined as a linear combination of two damage variables 
dt and dc, (see [82]): 
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Where dt and dc are the damage variables in tension and compression respectively. They are combined 
with the weight coefficients αt defined as functions of the principal values of the strains 
t
ijε and
c
ijε , 
due to positive and negative stresses. 
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In uni-axial tension αt = 1 and in uni-axial compression αt = 0. Hence, dt and dc can be obtained 
separately from uni-axial tests. The purpose of exponent β is to reduce the effect of damage on the 
response of the material under shear compared to tension [100]. The evolution of damage is provided 
in an integrated form, as a function of the variable κ [82]: 
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Where κD0, At, Bt, Ac and Bc are model parameters. 
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4.2.2.2 Influence of model parameters 
 
Besides the elastic parameters E, υ, there are six parameters to be defined in Mazars damage model 
(At, Ac, Bt, Bc, κD0, β), see Figure 4.5.  
• κD0 is the damage threshold. Its value influences the stress at peak as well as the curve of post 
peak. The stress drop will be less brittle if the value of κD0 is small. The recommended values of 
κD0 are from 0.5 to 1.5 x 10-4. 
• The A coefficient influences the tail part of post-peak stress-strain curve. This coefficient gives the 
horizontal asymptote of ε axis when A equals to 1 and a horizontal line passing from the peak if A 
is taken as 0. 
• The B coefficient influences the post-peak curve as it induces a stress drop if its value is too high 
(B > 10000). Typical values are: Bc between 1000 and 2000, and Bt between 5000 and 100000. 
• β is a corrective factor which makes it possible to improve the result in shearing compared to the 
initial version of the model (which corresponds to β =1). The typical value used is 1.06. 
a)  
b)      
Figure 4.5 Mazars model: Influence of the parameters (a) At (b) Bt [82]. 
 
4. Modelling of size effect and crack openings 
- 108 - 
4.2.2.3 Nonlocal continuum damage 
 
The forgoing damage formulation of damage theory is local. It is however clear that after 
microcracking has taken place in concrete; a macroscopic mechanism develops in the form of a 
damage band. The strains tend to localize in a specific area of finite dimension (macrocrack). The 
local model formulation predicts this dimension to be zero, with vanishing energy dissipation at 
failure. Numerically, it yields a response which is dependent on the size and the orientation of the 
mesh. Therefore, a regularization technique has to be added in order to achieve a mesh independent 
result and damage localization over several finite elements. 
 
It is often argued that the stress response of a material point cannot be described locally but one has 
also to consider its neighbourhood in order to take into account microcracks interaction [98]. Non 
locality, in a gradient or integral format, is a mean for a proper, consistent modelling of fracture [3, 33, 
98]. It avoids the difficulties encountered upon material softening and strain localization. Within a 
single approach, it encompasses both crack initiation (for which continuum models are very well 
fitted) and crack propagation (for which discrete fracture approaches have been developed).  
 
In the scalar damage model proposed by Mazars [82], in which evolution of damage is controlled by 
the equivalent strainε~ , the principle of nonlocal continuum models is to replace the equivalent strain 
ε~
 with its weighted average [98]: 
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Where Ω is the volume of the structure and ψ(x, ξ) is the weight function. It is required that the 
nonlocal operator does not alter the uniform field, which means that the weight function must satisfy 
the condition: 
 
Ω∈∀=∫
Ω
xdx 1),( ξξψ
                             (4.25) 
 
For this reason, the weight function is recast in the following form [98]: 
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Where Ωr (x) is a representative volume at point x and ψ0(x-ξ) is the basic nonlocal weight function of 
the distance (x-ξ) between the point at which the average is taken and the point contributing to that 
average. A Gauss distribution function if often considered to define ψ0(x-ξ): 
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lc is the internal length of the nonlocal continuum. ε replaces the equivalent strain in the evolution of 
damage. In particular, the loading function becomes ( ) κεε −=Yf , .  
 
The representative volume in one, two or three dimensions may be taken as a line segment of length lc, 
or a circle or sphere of diameter lc. Due to this spatial averaging, a special treatment is required for 
points located at the boundary or close to it where a part of the material representative volume Ωr 
protrudes outside the boundary. For such points, Ωr is considered as a variable. 
 
Different variations of the original formulation can be found in the literature. The advancements are 
twofold: (1) preserving the uniform field in the vicinity of the boundary makes the averaging in 
Equation (4.26) not symmetric to its arguments x and ξ. This lack of symmetry leads to the non 
symmetry of the tangent operator [97, 62]. A symmetrical nonlocal formulation has been recently 
proposed [19, 68]. (2) The model should be able to capture the discontinuous fields involved in the 
process of failure due to increasing stress. For this reason focus is made on the case of evolving 
boundaries of the nonlocal fields. Different modifications of the integral type nonlocal damage have 
been introduced, in which the internal length lc increases [99] or decreases [45] in the course of 
damage, based on experimental observations. 
 
In the following sections the original nonlocal formulation of the Mazars damage model is used [13, 
98]. In the following sections, this model is adopted in order to investigate the numerical response of a 
1D model bar and to simulate the experimental campaign on concrete size effect presented in the 
previous chapters. 
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4.3 1D bar: Numerical investigations  
 
4.3.1 Mesh discretization 
A simple bar of length (L) 1m and height (d) 0.1m is considered hereafter. The bar is simply supported 
on the left hand side as shown in Figure 4.6. An incremental uni-axial displacement (δ) is imposed in  
x – x direction on the right hand side of the bar. Plane stress condition is assumed. The calculation is 
performed using the finite element code Cast3M. 
 
The mesh is constructed using quadrilateral elements with four gauss points. In order to analyze the 
mesh objectivity, four different discretizations are adopted (m = 11, 22, 33 and 66) where m = number 
of elements in the bar and h is the size of the element. 
 
 
 
 
 
 
 
 
Figure 4.6 Finite element mesh of the 1D bar. 
 
4.3.2 Material parameters 
 
Mazars damage model is used in this study and the material parameters are given in Table 4.1. The 
Poison coefficient is taken equal to 0 to obtain 1D behaviour. A spatial variability of damage threshold 
κD0 is generated by using a Gaussian distribution function as shown in Figure 4.7. This distribution 
causes the variation of material tensile strength ft of the same magnitude, where ft is calculated as:  
 
ft = E  x  κD0                           (4.28) 
Where E is the Young’s Modulus and κD0 is damage threshold and its value is varied between κD0I and 
κD0
II
. 
 
Table 4.1 Material parameters. 
E0 (MPa) v0 κD0I κD0II At Bt Ac Bc β 
30 000 0 1.3 x 10-4 7.0 x 10-5 1 3000 1.2 1500 1.06 
δ d 
L 
h 
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a)  
b)  
c)  
d)  
 
Figure 4.7 Distribution of damage threshold in different discretizations of the model beam (a) m = 11, 
(b) m = 21, (c) m = 31, (d) m = 61. 
 
From Figure 4.7 it can be seen that the gauss distribution function in Cast3M provides a distribution of 
the damage threshold κD0 both in the X and Y directions. 
 
4.3.3 Local calculation 
 
The first calculation is performed using the local formulation of the Mazars damage constitutive law 
(Section 4.2.2.1). The global Force-Displacement curves obtained for the different meshes are shown 
in Figure 4.8. In each case, the peak load is the same; however the post-peak behaviour is different as 
the mesh is refined. The snap back behaviour becomes more important as the size of finite element is 
reduced. This is the consequence of the strain or damage localization as shown in Figure 4.9. Solution 
depends on the finite element size. By further decrease of the size of the element damage will localize 
into a zone of vanishing volume. In this volume the total energy dissipation rate (Equation 4.15) will 
tend to zero which is physically unrealistic [98]. 
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Figure 4.8 Force – Displacement curves for different meshes (local formulation). 
 
 
 
 
 
 
Figure 4.9 Damage field at final loading stage for different meshes (local formulation). 
   
4.3.4 Nonlocal calculation 
 
The nonlocal formulation of the Mazars damage model (Section 4.2.2.3) is used hereafter with a 
localization limiter or internal length lc equal to 0.3. This value is selected in order to have at least 
three times the size of the finite element. Figure 4.10 shows the global Force-Displacement curves for 
each mesh. Almost the same global response is observed, independent of the mesh sizes. The small 
differences are due to the differences on the spatial variability of the damage threshold. 
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Figure 4.10 Force – Displacement curves for different meshes (nonlocal formulation). 
 
 
a)  
b)  
c)  
d)  
 
Figure 4.11 Damage field at final loading stage for different meshes (nonlocal formulation). 
 
The damage field at the final loading stage and for the different meshes is presented in Figure 4.11. 
Damage is localized in the zone which is several times the element size. The location of the damage 
zone is different for the mesh m=21 due to the random distribution of the damage threshold.  
 
In order to examine the evolution of damage for different finite element sizes, the damage fields at 
different loading stages and for two types of mesh refinements (m = 11 and 66) are presented in 
Figures 4.12 and 4.13 respectively. In both cases, a similar behaviour is observed. In the elastic range, 
damage is equal to zero in the beam. In the non-linear range up to the peak load, damage increases in 
m = 11 
m = 21 
m = 31 
m = 61 
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the same way. The small fluctuations are due to the random distribution of the damage threshold. 
However, the damage starts to localize as soon as the peak-load is attained. In the post-peak regime, 
the damage increases in the localized zone of length equal to the internal length lc (0,3m). 
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Figure 4.12 Damage evolution diagram (m = 11, nonlocal formulation). 
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Figure 4.13 Damage evolution diagram (m = 61, nonlocal formulation). 
 
4.3.5 Calculation of crack opening 
 
In [83] it is shown that damage and fracture mechanics are two correlated theories. In the later theory, 
fracture is considered as the development of a macrocrack and the fracture process zone is generally 
introduced as a cohesive pressure near the crack tip. This approach is equivalent to the continuum 
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damage mechanics approach and the information of one theory can be obtained from other theory on 
the basis of an equivalence principle in terms of energy release. For example one can try to use crack 
openings, which however are not directly available when using continuum damage models. In general, 
a post-processing method is needed to extract crack openings from continuous fields. Different post-
processing approaches have already been proposed in the framework of the French national project 
CEOS.fr [80]. Two of them are studied hereafter. 
 
The first method (displacement jump technique) is based on the assumption of the crack band theory 
that the energy dissipation in the localized damage zone is equal to the energy consumed by a line 
crack with certain crack opening [11]. In local models, damage is localized in one element. In nonlocal 
models however, damage is localized in a zone of width equal to the internal length lc (see Figures 
4.12 and 4.13). Crack opening can therefore be estimated as the displacement jump across the 
localized damage zone of width equal to the internal length. Figure 4.14 presents the evolution of axial 
displacement in the beam (m=66). Since the beam fails at the left edge, crack openings can be 
calculated as the difference of the displacement values at the left and right boundaries of the localized 
damage zone. In this example (lc = 0.3m) the displacement jump between x = 0 and x = 0.3m gives the 
crack opening at x = 0. At peak load the crack opening calculated is 120µm.  
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Figure 4.14 Axial displacement profile (m = 66, nonlocal formulation). 
 
The second method used for estimated crack openings from continuum damage fields is proposed by 
Matallah and co-workers [81]. This method was basically developed for the case of local damage 
models with fracture energy regularization. The crack opening displacement w is taken as the fracture 
strain accumulated over the width h of the fracturing element. 
 
hw ucoε=  
                           
(4.29) 
4. Modelling of size effect and crack openings 
- 116 - 
Where εuco is the unitary crack opening strain variable representing the fracture portion of the total 
strain. 
 
This approach works satisfactorily for local damage models, where h is size of the element containing 
the damage. For these models, fracture energy regularization is an easy task because the model 
parameters are local.  In case of nonlocal models however, strains depend on the neighbouring strains 
and damage is diffused in several elements. Thus, the application of the above approach (Equation 
4.29) can underestimate crack openings. This is clearly shown in Figure 4.15 where the two above 
methods are compared (m = 61).  
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Figure 4.15 Comparison of crack opening using two different methods (nonlocal formulation, m =66). 
 
4.4 Three point bending test 
 
In this section the beams D1, D2 and D3 made from the M1 concrete (see Chapter 3) are modelled 
using the nonlocal formulation of the Mazars continuum damage mechanics model [82, 98]. The finite 
element code is Cast3M and plane stress condition is assumed.  
 
4.4.1 Mesh discretization 
 
Two dimensional quadrilateral elements with four gauss points are adopted. The mesh is constructed 
with elements of different sizes. The elements are kept small in the area close the notch where damage 
is expected to occur. The lower limit of the element size verifies the usual criterion that the 
characteristic length lc should be at least three times the size of the element. However for the three 
sizes of beams (D1 small, D2 medium, D3 large) the size of elements is kept constant, which is a 
necessary to model the size effect. The resulting meshes of D1, D2 and D3 beams are presented in 
4. Modelling of size effect and crack openings 
- 117 - 
Figure 4.16 (a, b, c). The notch tip of the beam is modelled using an arc as shown in Figure 4.16(d) to 
avoid any singularity of the mechanical fields. 
 
(a) (b)  
(c)  (d)  
Figure 4.16 Finite element meshes for the (a) D1 beam (b) D2 beam (c) D3 beam (d) notch. 
 
4.4.2 Boundary conditions 
 
Due to symmetrical boundary conditions and in order to reduce the computational demands, only one 
symmetrical half of the beam is modelled. The nonlocal damage formulation of the model is applied in 
the central part of the beam where damage is expected to occur (represented in red in Figure 4.16); the 
other part is assumed linear elastic. This also helps reducing considerably the time of simulation with 
negligible effects on the results. The part of the beam which is modelled with the nonlocal damage law 
is always proportional to the height of the beam. 
 
 Loading is applied as an incremental vertical displacement of a rigid plate (linear elastic law, with a 
Young’s modulus ten times than that of concrete) fixed at the top right end of the beam (see Figure 
4.17). To capture the symmetrical boundary conditions, the displacements in the horizontal direction 
(X-displacement) of the right side of the beam above the notch are blocked. The vertical displacement 
of the articulation at the left side of the beam is also restrained.  
Nonlocal 
Damage 
model 
Linear Elastic 
Damage 
model 
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Figure 4.17 Illustration of the boundary conditions. 
 
In the following, global results are presented in the form of Force-Notch Mouth Opening 
Displacement (NMOD). The force is calculated as the vertical reaction at the bottom left support of 
the beam and NMOD as the horizontal displacement at the bottom right corner (see Figure 4.17). 
 
4.4.3 Determination of the nonlocal damage model parameters 
 
Two sets of parameters need to be identified for the nonlocal formulation of the Mazars law (1) the 
local parameters which are related to the local behaviour of the model and (2) the spatial parameter 
governing the interaction of the material points, which is also termed the internal length of the 
nonlocal continuum and is related to the imaginary width of the fracture process zone. These two sets 
of parameters are closely related to each other and should be appropriately determined to give the 
nonlocal model a response consistent with the required macroscopic material behaviour and the local 
fracture characteristics. The existence of the spatial parameter requires the solution of a boundary 
value problem for the determination of the model parameters [18]. This is totally different from the 
local approach, where the (point-wise) constitutive behaviour of the model can be calibrated directly 
from the experimental data. 
 
This issue has been discussed by several researchers. Their studies can be generally grouped into two 
classes: those based directly on the numerical inverse analysis of experimental results and those 
exploiting the correspondence between the cohesive crack model and crack band model. In the first 
category, an automatic calibration of model parameters based on numerical inverse analysis is 
generally employed by using optimization algorithms, experimental data from real structural tests and 
size effect laws. Several different optimization algorithms are available in literature [22, 77, 18]. In the 
second category, the correspondence between the cohesive crack model and crack band model along 
with a relationship between the internal length parameter of the nonlocal model and the width h of the 
fracture process zone is exploited (e.g. in nonlocal and gradient models used by De Borst and Pamin 
[32] and Di Prisco et al. [34]). 
 
δ 
Point at which 
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In the following, an optimization algorithm is applied based on inverse analysis of the performed size 
effect tests. The general procedure is the one proposed by Le Bellego and co-workers [18]. 
 
The model parameters are assembled in the following vector: 
x
T
 = [ E  υ  κD0     At     Bt     Ac     Bc    β   lc ]                                             (4.30) 
 
Hence, the described model contains eight parameters to be identified.  
 
• The two first parameters are the elastic moduli (Young’s modulus E and Poison’s ratio υ). They 
are determined from standard uni-axial tests.  
• κD0 is the damage threshold, At and Bt are the parameters of the model relative to the damage 
evolution under tensile loadings (Equation 4.23). They all are unknown. 
• Ac and Bc are the parameters of the model relative to the damage evolution law under compressive 
loadings; β is linked to the shear response. For the case of three point bending tests of concrete 
beams, tensile loadings are more important than compressive loadings and shear. In the following, 
Ac, Bc and β are therefore defined using typical values. They are taken equal to 1.2, 1500 and 1.06 
respectively.  
• The internal length lc characterises the material connectivity and the fracture process zone and 
needs to be determined.  
 
The vector of unknown material parameters becomes 
 
PT
 
= [ κD0     At     Bt     lc ]                                           (4.31) 
 
For computational efficiency, an initial set of model parameters is first determined by manual 
calibration on the Force – NMOD curves. A trial and error procedure is adopted by fitting the 
numerical Force-NMOD curve with the experimental curve. The medium D2 beam is chosen for the 
initial fitting of the numerical and experimental curves. 
 
Le Bellego and co-workers [18] proposed that the initial value of lc should be related to the size of the 
fracture process zone and can be taken between 3da to 5da, where da is the maximum size of 
aggregates. In this study, two different values of lc are tested and two initial sets of parameters are 
obtained as shown in Table 4.2. In the first set, an internal length equal to da and in the second 
(almost) 3da are chosen. The Force-NMOD curves from both parameter sets are presented in Figure 
4.18.   
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Table 4.2 Initial guess of the nonlocal model parameters (manual calibration). 
 κD0 At Bt lc (mm) 
Initial Set – 1 5.0 x 10-5 0.75 6500 20 
Initial Set – 2 5.6 x 10-5 0.83 21000 65 
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Figure 4.18 Force – Notch Mouth Opening Displacement curve for the D2 beam (initial guess, manual 
calibration). 
 
Although the manual calibration provides acceptable global results for the D2 specimen (especially till 
the peak load point), local phenomena may not be correctly reproduced. Furthermore, application to 
specimens of different sizes will not be accurate because the size effect in not captured [18].  
 
In the second step, the initial sets of parameters (Table 4.2) are adjusted according to the response of 
geometrically similar beams with varying sizes. This is done using an optimization procedure that 
calibrates the Force-NMOD responses of the three specimen sizes (D1, D2 and D3) simultaneously. 
The optimization procedure proposed by Le Bellego et al. [18] proposes the use of the Levenberg-
Marquardt algorithm to perform minimization of the following functional )(P
r
τ : 
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Where Riexp is the experimental response for the size i (i∈[1, 2, 3]) and Ri ( P
r
) is the numerical 
response, P
r
is the vector of model parameters. Several definitions can be used for the responses. 
Hereafter we use the stresses computed from the applied load measured for 100 values of the NMOD 
equally spaced and covering the whole experimental data range. Because the experimental responses 
and the numerical ones have however different values from one specimen size to another, it is 
necessary to express them in a non-dimensional way (or to use a weighted functional). This is the 
reason why the error between the numerical and experimental responses is divided by the maximal 
experimental response for each size. Five iterations are used to minimise the functional (the error 
reaches a minimum and remains constant afterwards). This optimization algorithm is run within the 
finite element code Cast3M. 
 
Table 4.3 presents the model parameters calculated by the optimization procedure for both sets of the 
initial parameters. The global responses provided are given in Figure 4.19. It can be observed that the 
two sets give the same values for the peak load for the cases of D1 and D2 beams. For the D3 beam 
however, the peak load provided by the Automated Set - 1 is higher. Thus, and in terms of size effect 
the two sets of parameters give different results. Furthermore, comparison with the experimental data 
shows that calibration is poor in the post-peak regime.  
 
Table 4.3 Nonlocal model parameters from the optimization algorithm. 
 κD0 At Bt lc (mm) 
Automated Set – 1 3.52 x 10-5 0.78 5089 15.3 
Automated Set – 2 5.22 x 10-5 0.80 22660 68.0 
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Figure 4.19 Global responses of geometrical similar beams using the automated nonlocal model 
parameters. 
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It seems that the robustness of the optimization procedure is limited and is highly dependent on a good 
estimation of the initial parameter set. In addition, the estimation of a single set of parameter that 
provides an acceptable fitting of the entire Force – NMOD curves of several specimen sizes does not 
necessarily correspond to a correct prediction of the peak loads  [58]. 
 
In the previous identification procedure, the internal length lc is treated as a general parameter in the 
boundary value problem and a constant value of lc is used for the different specimens’ sizes. However, 
recent experimental studies have shown that the FPZ width varies with the specimen size [94, 38, 37, 
36].  
 
Finally, Iacono and co-workers [58] have shown that even when using an inverse analysis for 
identifying the model parameters, calibration based on three points bending experimental data does not 
provide acceptable predictions for tensile tests. 
 
4.4.4 Size effect and computation of global fracture parameters 
 
The results are transported into the normalized size effect plot in two ways (Figure 4.20): 
 
• In Figure 4.20(a), the normalization parameters D° and Bft are obtained from numerical results at 
the peak load condition. Bazant’s size effect law (SEL) is also presented. The computed points are 
located on the right hand side of the size effect curve and a strong size effect on the nominal 
strength is observed for both sets of model parameters. The results obtained from the second 
parameter set (lc = 68mm) present a relatively more brittle behaviour (closer to the LEFM law) 
compared to results obtained from the first parameter set (lc = 15mm). Nevertheless, the computed 
results are not in good agreement with the experimental results. 
•  The fracture parameters can also be calculated from the numerical results using the size effect 
method [107] (Table 4.4). It can be seen that the normalization parameters D° and Bft coming from 
the experiments and the computations are not similar. This may be the first reason of the 
disagreement between the experimental and numerical points on the size effect plot. The fracture 
energy Gf obtained from the numerical results is lower and thus a more brittle behaviour is 
obtained. The characteristic length lch* according to Hillerborg is also deduced (using Equation 
4.9). This characteristic length has already been used by Bazant and Pfeiffer in [12] in order to 
determine the size of the fracture process zone. It should be noted that the computed values of lch* 
do not correspond to the internal length lc of the nonlocal model. Moreover, lch* decreases while 
the nonlocal internal length lc increases. 
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• In Figure 4.20(b), the computed results are normalized using the same parameters D° and Bft as for 
normalizing the experimental data. Now the numerical results are situated on the left hand side of 
the size effect curve. Nevertheless, they do not follow Bazant’s size effect law; they present 
instead a steep decrease in the nominal strength compared to the experimental results.  
 
     Table 4.4 Size independent Fracture parameters. 
D0 Bft Gf lch* Parameter 
set (mm) (MPa) (N/m) (mm) 
lc = 15mm 88.9 4.78 31.6 52.6 
lc = 68mm 28.60 7.23 23.6 16.9 
Experiment 423.3 3.02 60.2 250.2 
lch* is the material characteristic length according to Hillerborg (Equation 4.9). 
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Figure 4.20 Size effect plots (a) Data are normalized with different parameters (b) data are normalized 
using the same parameters as the experimental data. 
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4.4.5 Evolution of the damage variable 
 
The evolution of the internal damage variable d is studied hereafter. d is a scalar variable and is 
computed from Equations 4.20 and 4.23. Its value varies from 0 to 1 (when d = 1 the material is 
completely damaged). Figure 4.21 presents the damage field at peak load and at the tail end of the 
Force-NMOD curve. An important effect of the internal length lc on the width of the damaged zone 
can be observed. The width of the damage zone increases with increasing internal length.  
 
 
       
a)    b)          c)         d) 
Figure 4.21 Evolution of internal damage variable in D2 beam (a) at peak load, lc = 15mm                 
(b) at the tail of the F-NMOD curve, lc = 15mm (c) at peak load, lc = 68mm (d) at the tail of the F-
NMOD curve, lc = 68mm. 
 
In Figure 4.21(a), the internal length, lc is almost the same to the zone in which damage is localized. 
As the beam is further loaded, damage grows but the width of the localization zone stays almost the 
same (Figure 4.21(b)). In Figure 4.21(c), lc is now much larger as compared to the zone in which 
damage is localized. Later on however, the damage zone grows and at the tail of the Force-CMOD 
curve its width is several times the characteristic length (Figure 4.21(c)). 
 
4.4.6 Estimation of crack opening and comparison with experiments 
 
Figure 4.22 presents the crack opening profile using two ways, the displacement jump method and the 
method proposed by Matallah and co-workers [81]. It can be seen that the later method underestimates 
the crack opening as it is better suited for a local formulation of the damage model. The displacement 
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jump method reproduces better the experimental crack opening profile (the method is based on 
measuring the displacement jump between two points on the either side of the zone of width equals to 
the internal length lc).  In the following, only the displacement jump method is therefore used to 
analyse the results of crack openings.  
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Figure 4.22 Crack opening profile at peak load using two methods (lc = 15mm, D2 specimen). 
 
4.4.7 Influence of characteristic length on the crack opening profile 
 
Crack opening profiles are estimated at different loading conditions for each set of model parameters 
(Figure 4.23). It is noticed that the characteristic length has a significant influence on the results. For  
lc = 15mm, the profile is divided into two straight lines with a smooth transition between the two lines. 
The initial straight line follows well the experimental data. However, the second straight line disagrees 
with the experimental data. In other words, the numerical crack length is longer compared to the 
experimental crack length. This is because in the upper part of the crack (close to the compression 
zone) the nonlocal strains are influenced by the compressive stresses (known as boundary effect). 
Therefore, in the following only the initial part of the crack opening profile is considered. The crack 
opening profile for lc = 68mm is essentially a straight line and it is not reproducing correctly the 
experimental results. 
 
The crack opening profiles at different loading stages show that the numerical profile agrees well with 
the experimental profile in the pre-peak regime. As the specimen passes the peak load the discrepancy 
between experimental and numerical profile increases. This may be due to the incapability of the 
model to predict accurately the post-peak fracture state of the beam. This can be also seen in the global 
F-NMOD curves, where coherence of experimental and numerical curves in the post-peak regime is 
not satisfactory (Figure 4.19). 
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Figure 4.23 Crack opening profile (D2 specimen). 
4.4.8 Size effect on computed crack opening profile 
 
The influence of the beam dimensions (size effect) on the crack opening profile is finally analysed. 
Figure 4.24 presents the crack opening profile at peak load for three geometrically similar sizes of 
beams. It can be observed that the initial part of the crack opening profile is practically the same for all 
three sizes. This is in accordance with the experimental findings (Figure 3.31) i.e. specimens of 
geometrically similar sizes show the same crack opening profile at their peak loads and the relative 
crack length (crack length/specimen height) decreases when the specimen size increases.  
 
In the original version of size effect law proposed by Bazant [7], the relative crack length at peak load 
in concrete specimens of varying sizes is assumed constant. This is clearly not found in this study 
either with the numerical simulations or the experimental data.  
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Figure 4.24 Size effect on crack opening profile at peak load (lc = 15mm). 
Finally, the upper part of the crack opening profiles is not same when the size of the specimens 
increases. However, it is assumed that due to boundary effect on the nonlocal strains, the results of 
crack openings are not good in this part and therefore it is not considered in the above size effect 
analysis. 
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Conclusion 
 
In this chapter, a numerical investigation on the influence of size effect on crack opening, crack length 
and crack propagation is presented. An isotropic nonlocal strain softening damage model is used. 
Calibration of the internal length and other model parameters are done by using the Levenberg 
Marquardt algorithm. It is concluded that the robustness of the optimization procedure is limited and is 
highly dependent on a good estimation of the initial parameter set. In addition, the estimation of a 
single set of parameter that provides an acceptable fitting of the entire Force-Notch mouth opening 
displacement curves of several specimen sizes does not necessarily correspond to a correct prediction 
of the peak loads. In general, the computed results are not in good agreement with the experimental 
results. The fracture parameters are calculated from the numerical results using the size effect method 
[107] (Table 4.4). It can be seen that the normalization parameters D° and Bft coming from the 
experiments and the computations are not similar. The fracture energy Gf obtained from the numerical 
results is lower and thus a more brittle behaviour is obtained. The characteristic length lch* according to 
Hillerborg is also deduced from Equation 4.9. It should be noted that the computed values of lch* do 
not correspond to the internal length lc of the nonlocal model (lch* decrease while the nonlocal internal 
length lc increase). 
 
The damage mechanics model is able to produce localization of damage but not the cracking itself. 
Information about crack opening profile is extracted using a post processing method. The crack 
opening data is extracted as the relative displacement field between the nodes of the finite element on 
either side of the localized damage zone of width equals to internal length. The crack opening profiles 
at different loading stages show that the numerical profile agrees well with the experimental profile in 
the pre-peak regime. As the specimen passes the peak load the discrepancy between experimental and 
numerical profile increases. This may be due to the incapability of the model to predict accurately the 
post-peak fracture state of the beam.  
 
The influence of beam dimensions (size effect) on the crack opening profile is finally analysed. Figure 
4.24 presents the crack opening profile at peak load for three geometrically similar sizes of beams. It 
can be observed that crack profile is practically the same for all three sizes. This is in accordance with 
the experimental findings (Figure 3.31) i.e. specimens of geometrically similar sizes show the same 
crack opening profile at their peak loads and the relative crack length (crack length/specimen height) 
decreases when the specimen size increases. In the original version of size effect law proposed by 
Bazant [7], the relative crack length at peak load in concrete specimens of varying sizes is assumed 
constant. However, this is clearly not found in this study either with the numerical simulations or the 
experimental data. 
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GENERAL CONCLUSIONS 
 
Different theories are available in literature to differentiate between the different cracking zones. 
Cracking in concrete can be discretized into main crack, secondary cracks and microcracks ahead of 
the main and secondary cracks. However, the inner cracking zone associated with the main crack is 
more energetic and is responsible for the decrease of the load bearing capacity of a concrete structure. 
When load is applied, at first, microcracks usually form in the weakest locations of the material. The 
weakest locations are usually the aggregate matrix interface. As the load increases, the microcracks 
coalesce into the secondary and main cracks and a large amount of energy is released. Some 
microcracks, however, do not coalesce. They exist around the main crack and are usually termed as 
dead microcracks. In some parts of the crack, the crack interfaces are not completely separate. When 
the crack traverses a major part of the specimen/structure (i.e. just before the rupture of the 
specimen/structure), these small links between the crack interfaces start to break and are responsible 
for the tail part of the stress-strain diagram. 
 
Many toughening mechanisms are acting ahead of the main crack in a zone called Fracture Process 
Zone (FPZ). These mechanisms include microcrack shielding, crack branching, crack interface 
bridging, aggregate interlock and crack tip blunting. A considerable amount of energy supplied by the 
applied load is consumed by the FPZ to overcome these mechanisms. This phenomenon becomes 
more important as the aggregate size is increased. When material is subjected to tensile loadings, the 
strains localize in the FPZ and result in the post-peak softening of the stress-strain diagram. The 
characterization of fracture in terms of crack opening is recently becoming more frequent for most 
concrete structures. Crack opening is a key parameter in order to estimate the durability of their 
structural components. 
 
The fracture behaviour of concrete cannot be separated from the size effect. Different theories exist in 
literature, from among which the deterministic energetic size effect theory of Bazant is analysed in this 
study. In this case, the decrease of nominal strength while increasing the size of the structure is 
attributed to the growth of the fracture process zone. Bazant [7] considered fracture energy as the size 
independent material parameter and assumed that at peak load, the crack length is proportional to the 
size of the specimen. In the present study, this assumption is analysed and eventually a size effect on 
the fracture process of concrete is investigated. 
 
An experimental program is carried out in which RILEM size effect method is adopted to test 
geometrically similar beams of various sizes. Two types of concrete mixes (M1 and M2) are used. The 
M1 concrete mix (maximum aggregate size = 20mm) is used in the RILEM size effect experiments. 
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Three point bending tests are also performed on the M2 (maximum aggregate size = 12mm) concrete 
specimens under similar loading and boundary conditions in order to study the effect of aggregate size 
on the fracture behaviour. 
 
Digital image correlation (DIC) technique is used in this study to measure the cracking over the 
surface of the concrete specimens. It is found to be a robust and highly precise tool for fracture 
measurements such as crack opening and crack length. The possible error sources (lens distortion, 
vibrations, periodic bias and image distortions etc.) are eliminated by adopting a higher interpolation 
function and a higher order correlation algorithm. Two types of DIC resolutions are adopted. In the 
first type, the complete height of the specimen is captured and in the second type an area above the 
notch, which is approximately 35mm x 25mm, is captured. The second type gives a higher number of 
pixels per unit area of the specimen. It is observed that the two resolutions essentially give the same 
crack opening profile. A small zigzag nature of the crack opening profile is noticed with the lower 
resolution. 
 
A procedure is developed in order to determine crack openings from displacement field obtained from 
DIC. The fracture process is identified by monitoring the crack openings. Crack openings start to 
increase rapidly after about 60% of peak load in the pre-peak regime which indicates the localization 
of microcracks and the formation of a macrocrack. As the specimen crosses the peak load limit, a 
considerable decrease in the loading capacity is observed with a gradual increase in the crack 
openings. In the tail part of the post-peak regime, the crack openings in the lower part of the crack 
increase significantly, with a relatively gradual decrease in the load bearing capacity. This is attributed 
to the breakage of the remaining links in the semi-cracked zones. 
 
The analysis of the crack growth in three sizes of geometrically similar beams using DIC technique 
showed that (1) crack length in the pre-peak region is identical in all the beams and does not vary in 
proportion to the size of the beam. Thus for a smaller beam (with higher σN), a longer relative crack 
length is observed. (2) In the post-peak region, two stages of crack propagation are observed. During 
early post-peak, the length of the crack increases rapidly up to 50% of the peak load. However, in the 
final post-peak region, crack opening becomes more important than the crack length propagation. (3) 
In the D1 specimen during the post-peak regime, crack length propagation is relatively slower due to 
the boundary effect. (4) When aggregate size is reduced, a higher peak resistance is obtained. The 
corresponding relative crack length measured at peak load is also higher. This conclusion is similar to 
(1): higher resistance corresponds to a longer relative crack length.  
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Crack length is estimated using the crack opening profiles. It includes the length of the macrocrack 
and some part of the microcracking zone in which crack openings are not negligible. It is assumed that 
this crack length plays a significant role in the decrease of the load bearing capacity. It was found that 
(1) crack length in the pre-peak region is identical in all the beams and does not vary in proportion to 
the size of the beam. Thus for smaller beam (with higher σN), longer relative crack length was 
observed. (2) In post peak region two stages of crack propagation were observed. During early post-
peak, the length of the crack increases rapidly up to 50% of the peak load. However, in the final post-
peak region, crack opening becomes more important than the crack length propagation. (3) In D1 
specimen during the post peak regime, crack length propagation is relatively slower due to the 
boundary effect. (4) When aggregate size is reduced, a higher peak resistance is obtained; the 
corresponding relative crack length measured at peak load is also higher. This conclusion is similar to 
(1) that higher resistance corresponds to a longer relative crack length.  
 
A case study is also presented in which crack openings and crack spacing in reinforced concrete beams 
under three point bending tests were monitored. The experimental results were compared with the 
design values from Eurocode 2. It was observed that (1) Eurocode 2 underestimates the crack openings 
for all sizes of the beams. As the strains in the rebars increase, the difference between the measured 
and the calculated (Eurocode 2) values increase. (2) An important size effect on the measured crack 
openings is observed keeping same the strain level in different sizes of the beams. This size effect is 
not considered in the Eurocode 2 crack control expressions. Therefore it is not well captured in the 
calculated crack openings. (3) Another size effect is observed on the maximum spacing between the 
cracks. The Eurocode 2 expression underestimates the crack spacing when the size of the specimen 
increases. 
 
Numerical investigation of size effect on crack opening, crack length and crack propagation is also 
carried out. An isotropic nonlocal strain softening damage model is used. Calibration of the internal 
length and other model parameters are done by inverse calibration technique using Levenberg 
Marquardt algorithm. The damage mechanics model is able to produce localization of damage but not 
the cracking itself. Information about crack opening profile is extracted using a post processing 
method. The crack opening data is extracted as the relative displacement field between the nodes of 
the finite element on either side of the localized damage zone.  
 
It is concluded that the robustness of the optimization procedure is limited and is highly dependent on 
a good estimation of the initial parameter set. In addition, the estimation of a single set of parameter 
that provides an acceptable fitting of the entire Force-Notch Mouth Opening curves of several 
specimen sizes do not necessarily correspond to a correct prediction of the peak loads. In general, the 
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computed results are not in good agreement with the experimental results. The fracture parameters are 
calculated from the numerical results using the size effect method [107]. It can be seen that the 
computed normalization parameters D° and Bft and the experimental values are not similar. The 
fracture energy Gf obtained from the numerical results is lower and thus a more brittle behaviour is 
obtained. The characteristic length lch* according to Hillerborg is also deduced from Equation 4.9. It 
should be noted that the computed values of lch* do not correspond to the internal length lc of the 
nonlocal model. When lc is increased in the nonlocal model, the computed values of lch* however, is 
decreased. 
 
The crack opening profiles at different loading stages show that the numerical profile agrees well with 
the experimental profile in the pre-peak regime. As the specimen passes the peak load the discrepancy 
between experimental and numerical profile increases. This may be due to the incapability of the 
model to predict accurately the post-peak fracture state of the beam.  
 
Eventually, the influence of the beam dimensions (size effect) on the crack opening profile is 
analysed. Figure 4.24 presents the crack opening profile at peak load for three geometrically similar 
sizes of beams. It can be observed that crack profile is practically the same for all three sizes. This is in 
accordance with the experimental findings (Figure 3.31) i.e. specimens of geometrically similar sizes 
show the same crack opening profile at their peak loads and the relative crack length (crack 
length/specimen height) decreases when the specimen size increases. In the original version of size 
effect law proposed by Bazant [7], the relative crack length at peak load in concrete specimens of 
varying sizes is assumed constant. However, this is clearly not found in this study either with the 
numerical simulations or the experimental data. However, it might be interesting to compare the 
results with the latest version of Bazant size effect law [15]. 
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PERSPECTIVES 
 
In the perspective of this work, further experimental research should be carried out to investigate the 
role of crack openings and crack length in the fracture process of concrete. Crack openings can be 
determined using more sophisticated techniques e.g. eXtended Digital Image Correlation (X-DIC) 
techniques. The combination of two more techniques can be very useful to monitor crack growth. 
Higher resolution cameras should be used to improve the precision of the results and to capture the 
maximum surface of the specimen. The crack opening profile inside the specimen should also be 
determined and compared with the surface crack opening profile. This can be done by using 
interferometry techniques together with DIC. The use of acoustic emission technique (2D) in 
combination with DIC can also be helpful in order to monitor fracture process zone development 
along with crack opening profile. This can give an insight into the theory of the variation of fracture 
process zone size with crack length. 
 
The size effect on crack length can be further investigated by using notchless specimens of varying 
sizes or by using specimens of the same size but varying notch lengths. Also, different concrete 
mixtures with varying fracture energies can be used in order to investigate the relationship of size 
independent fracture energy term with crack length. This study can be conducted at different ages of 
concrete. In early stage concrete, this study may be useful for investigating fracture process zone 
development and early cracking of concrete. Long term durability factors such as creep should also be 
investigated along with the fracture process development and size effect.  
 
Fracture or damage mechanics theories should be able to capture the size effect on global response as 
well as on the local fracture phenomenon. For this, it is necessary to introduce an internal length in the 
constitutive laws which relates directly to the experimental findings. One can use the experimental 
crack opening profile and growth of crack length to test the robustness of the numerical models. The 
inverse calibration of model parameters is a practical technique but in this case, internal length should 
be determined from the local fracture observations and not the global curves. 
 
The case study presented in Chapter 3 has shown the ineffectiveness of Eurocode 2 to predict size 
effect on crack openings and crack spacing. The design equations can incorporate size effect by 
including some empirical constants. In fact, the codes should consider energetic relations in order to 
estimate crack openings and crack spacing. Further experimental investigation can be carried out to 
investigate the size effect on crack propagation in the reinforced concrete specimens.  
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